Week 15 - Integral Equation for population dynamics

(Pﬂ! 15.1 Populations of Neurons

EEEEEEEEEEEEEEEEE

- review: homogeneous population
- review: parameters of single neurons

15.2 Integral equation
0' Ne“ral NﬂtWﬂ"(s: - aim: population activity

- renewal assumption

15.3 Populations with Adaptation

Week 15 - Population Dynamics: - Quasi-renewal theory
The Integral ~Equation Approach 15.4. Coupled populations
- self-coupling

Wulfram Gerstner

- coupling to other populations
EPFL, Lausanne, Switzerland



Week 19-part 1: Review: The brain is complex
Neuronal Dynamics - Brain aynamics IS compiex
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Week 1o-part1: Review: Homogeneous Popuilation

Example: 2 populations

. — %) 7 excitation

Homogeneous population:

-each neuron receives input
from k neurons in the population
-each neuron receives the same
(mean) external input (could come from
other populations)
-each neuron In the population has roughly
the same parameters

Inhibition




Week 1o-part 1: Review: microscopic vs. macroscopic

mICroscopic: Macroscopic:

-Spikes are generated -Population activity An(t)
by Individual neurons -Populations interact via

-Spikes are transmitted An(t)

from neuron to neuron



Week 1o-part 1: Review: coupled populations




Week 15-part 1: Example: coupled populations in harrel cortex
Neuronal Populations

= a homogeneous group of neurons @l

(more or less)

Populations: @ /

- pyramidal neurons in layer 5 of barrel D1 I |

- pyramidal neurons in layer 2/3 of barrel D1
100-2000 neurons \!ll /

- Inhibitory neurons in layer 2/3 of barrel D1
per group (Lefort et al., NEURON, 2009)

different barrels and layers, different neuron types = different populations



Week 19-part 1: Global aim and strategy

-Extract parameters for SINGLE neuron
(see NEURONAL DYNAMICS, Chs. 8-11; review now)

-Dynamics In one (homogeneous) population
Today, parts 15.2 and 15.3!
-Dynamics In coupled populations

-Understand Coding in populations
-Understand Brain dynamics

%

Sensory input _——



Week 19-part1: Review: Spike Response Mode (SRM)

\> [Spike emission
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SRM +escape noise = Generalized Linear Model (GLM)

) — \ sp}ike

/

-Spikes are events
-spike leads to reset/adapt. currents/increased threshold

-strict threshold replaced by escape noise:
Pr{ firein[t;t + At]} = A(t)At = f[u(t) — F(t)]At

exp Jolivet et al., J. Comput. NS, 2006



Spiking Neuron Model
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Input current:  neeoere — o smme o
-Fast signal  +
g Mean modulation Ad a ptatl O n

ATAVAY - extends over several seconds

- power law

Pozzorini et al.
Nat. Neuros,
2013



Week 19-part 1: Predict spike times + voltage with SRM/GLM

A Experimental data set
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Week 1o-part 1: Extract parameter for different neuron types

Spiking Neuron Model

o - )
'_') threshold | & g/loelq_Si etal
. "1 y
Dynamic threshold
Pyramidal N. Fast Spiking Non-fast Spiking
Dyn. Threshold Dyn. Threshold Dyn. Thresnold
VERY IMPORTANT | unimportant important

Different neuron types have different parameters



Week 19-part1: Summary and aims

-We can extract parameters for SINGLE neuron
(see NEURONAL DYNAMICS, Chs. 8-11)

-Different neuron types have different parameters

- Model Dynamics in one (homogeneous) populatior
Today, parts 15.2 and 15.3!

- Couple different populations
Today, parts 15.4! D / A

Sensory input
Eventually: Understand Coding and Brain dynamlcs




Week 15 - Integral Equation for population dynamics

(Pﬂ! 15.1 Populations of Neurons

- review: homogeneous population
- review: parameters of single neurons

Biological Modeling
15.2 Integral equation
0' Ne“ral NﬂtWﬂ"(s: - aim: population activity

- renewal assumption

15.3 Populations with Adaptation

Week 15 - Population Dynamics: - Quasi-renewal theory
The Integral ~Equation Approach 15.4. Coupled populations
- self-coupling

Wulfram Gerstner

- coupling to other populations
EPFL, Lausanne, Switzerland



Week 19-part 2: Rim: from single neuron to popuiation

Single neurons  Np |
- model exists u(t) //ﬁf
- parameters extracl  rom data
- works well for step ent (t)

- works well for tim< 7current

Population of Neurons?

Population equation for A(t)
* -existing models

- Integral equation




Week 19-part 2: population equation for 4/ 7 ..

\ | l |

N(t;t + At)
NAt

pulation A(L) =
activity

ag  Wison-Cowan r% A(t) =—Al)+ f(h())

A /) NpOSIOJIC-Bryagt) = f (h(t)) = f ( j £(s) 1 (t —s)ds)

aninski, Pillow

Aty __| current A(t) = g(l(t))

ap _|BendaHerz  A(t) = g(I(t) — | G(s)A(t —s)ds)




Week 15-part 2: A/ in experiments: step current, Lin vitro
Exgerlme taI data: Tchumatchenko et al. 2011

- 300ms
See also: Poliakov et al. 1997



Week 19-part2: A/t in simulations : step current

25000 1dentical model neurons (GLM/SRM with escape noise)
parameters extracted from experimental data

0k
T 2§ — : response to step current
<10 - J-M simulation data:
0 Naud and Gerstner, 2012
© [ h)

ut)=y" n(t-t)+| &(s)I(t—s)ds+..

/

N
potentijal ip h




Week 19-part2: A/t in theory: an eguation?

Can we write down an equation for A(t) ?

Simplification: Renewal assumption

Potential (SRM/GLM) of one neuron
u(t)= n(t—t') +J-:O g(s)1(t—s)ds

AN

-

Su Spikes ()

Keep only last spike
- time-dependent renewal theory




Week 19-part2: Renewal theory (time dependent}

Keep only last spike = time-dependent renewal theory
Potential (SRM/GLM) of one neuron

u(t): 77(t _Tf) +h(t)
last spike
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Week 19-part 2: Renewal model - Interspike Intervals

A escape process Survivor function
""" 0 i ol :
u(t) 45, () =—p(®) S, (t[f)
£ | |
escape rate o1 (t|t) — exp(—{ p(t)dt)
o) =T (u()-—9) _ t\/; _

Interval distribution
LD = p©)-exp(-] p()dt)
J

escape ~ ~
rate Survivor function




- Week 15-part 2: Renewal model - Integral equation

population activity
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Image:

Gerstner et al.,

Neuronal Dynamics, Cambridge
Univ. Press (2014)

Blackboard!

Interval distribution
LD = p©)-exp(-] p()dt)
J

escape ~ ~
rate Survivor function

—Q0

Gerstner 1995, 2000: Gerstner&Kistler 2002
See also: Wilson&Cowan 1972



Week 19-part 2: Integral equation —example: LIF

population of !
leaky Integrate-and-fire
neurons w. escape noise

N0.15 |
22.0.10 |

< 0.05
0.00

0

input < '

=0
~— 100

E

- _exact for large populatio
N = infinity o 0

Image: Gerstner et al., Neuronal Dynamics, Cambridge Univ. Press
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Week 15 - Integral Equation for population dynamics

. ( Pﬂ! 15.1 Populations of Neurons

- review: homogeneous population
- review: parameters of single neurons

Biological Modeling
15.2 Integral equation
0' Ne“ral NﬂtWﬂ"(s: - aim: population activity

- renewal assumption

| 15.3 Populations with Adaptation
Week 15 - POpUIatiOn Dynamle: - Quasi-renewal theory

The Integral ~Equation Approach 15.4. Coupled populations
- self-coupling
- coupling to other populations

Wulfram Gerstner
EPFL, Lausanne, Switzerland



Week 19-part 3: Neurons with adapation
Real neurons show adapation on multipe time scales

Single neurons  Np |
- model exists u(t) /ﬁﬁﬁ
- parameters extracl  rom data
- works well for step ent (t)

- works well for tim< 7current

Population of adapting Neurons?

Population equation for A(t)
* - existing modes

- Integral equation




Week 19-part 3: population equation for A/ 7 ..

- \ | l |
? | l | l |
population A(L) = n(t;lfl;rtAt)
dactivity
ag  Wison-Cowan T A(t) = — A(t) + f (h())
AD I NE A(t) = f(h(@®)) = f( j £(s)1 (t —s)ds)

At) __| current A(t) = g(l (1))
ap _|BendaHerz  A(t) = g(I(t) — | G(s)A(t —s)ds)




Week 19-part 3: neurons with adaptation - 4/

1) LNP

() | ‘

A(t) = f (h(t)) — e"®

n NP theory

~

a M
2) Rate adapt.

Benda-Herz -

simulation

——optimal filter
(rate

\_ Naud and Gerstner 2012 )

adaptation)



Week 19-part 3: population equation for adapting neurons ?

u(t)
(1)

/

"\

Population of

Adaptiig Neurons?

1) Linear-Nonlinear-Poisson (LNP): falls!

2) Phenomenological rate adaptation: falls!
3) Time-Dependent-Renewal Theory ?
- Integral equation of previous section



Spike Response Model (SRI\/I)

2\

% 'Spike emission
Input |
b . 9

AN

potential

u(t)= Znt t +j g(s)I(t—s)ds+...
Pr{ firein[t;t + At]} = A(t)At = f[u(t) — F(t)]At
A(t) = A(t | h(t)




Time-dependent Renewal theory

Renewal assumption: ﬂ(t | h(t) t1 ’M/ ) - /I(t ‘ h(t) t\)

—— P (ﬂf)_ —= Ny
// — X last firing
N time

-

At) = [ Py (t|h ) A®)df

Gerstner 1995, 2000: Gerstner&Kistler 2002
See also: Wilson&Cowan 1972

Interspike Interval distribution h
Pisi (t|t) = /\(t\t)e_ff A(z|t)dx

Cox 1962



Week 19-part 3: population equation for adapting neurons ?

ES) Renewalﬂ\

[
/ A(t)) P (Lt h)dt’

\_ Gerstner |995 Y,




Week 19-part 3: population equation for adapting neurons ?

~

1 ) LNP f2) Rate adapt? %) Renewalﬁ\

| (2) |

A(t) o eh® ehO—lg=Al®) || [ @)l mar
OK |n late phase | OK In Initia] phase
M
- _
Benda and Herz 2003
N /U Naud and Gerstner 2012 ) \_ Gerstner 1995 Y,
CAUTION AUTION
RESTRICTED RESTRICTED
AREA AREA




Week 19-part 3: population equation for adapting neurons

| Population of
ay -

[V Adaptifig Neurons
(1 M ﬂ

1) Linear-Nonlinear-Poisson (LNP):  fails!
2) Phenomenological rate adaptation: falls!
3) Time-Dependent-Renewal Theory: fails!
4) Quasi-Renewal Theory!!!




Week 19-part 3: Quasi-renewal theory

Quasi-Renewal assumption: A(t] h(t),fl,fz,fg, L) = At f,é)
At)=| Pgy(tf, A) Af)df H;::;\ and
\ // / — R N (t)
A(t) A T
< :ﬁx(t).&t - —
% | | | I_|
Expand the moment 3lackboard!

generating functlonal

)\(ﬂf A) - )\0 (t)+n(t—t)— f (l—exp(*:*](t—s)))f/—’l(s)ds

g(t-s)




1) LNP

L A

Rate adapt.
2)RA
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Week 19-part 3: Quasi-renewal theory

At h@),t.1,,£,,..) ~ A(t|f, A) A = [ P, (t|f, A) Af) df

Hz

0{ — _ : v A S e
5—20 .
a0 Image:
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— 50 | Neuronal Dynamics,
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Week 19-part 3: population equation for adapting neurons

Population of
Ut / pulati

[V Adaptifig Neurons?
) S ﬂ

1) Linear-Nonlinear-Poisson (LNP): falls!

2) Phenomenological rate adaptation: falls!
3) Time-Dependent-Renewal Theory: falls!

4) Quasi-Renewal Theory: works!!!!




Week 15 - Integral Equation for population dynamics

.(Pﬂ- 15.1 Populations of Neurons

- review: homogeneous population
- review: parameters of single neurons
15.2 Integral equation
- aim: population activity
- renewal assumption

15.3 Populatlons W|th Adaptation

Week 15 — Population Dynamics: 4
The Integral -Equation Approach 15.4. COUP|90| populatlons

- self-coupling
- coupling to other populations

Wulfram Gerstner
EPFL, Lausanne, Switzerland




Week 1o-part 4: population with seli-coupling

| Same theory works
Jo C * - Include the self-coupling in h(t)

Potential (SRM/GLM) of one neuron

ut)= 2 n(t=t) +f,

(t s)ds+J, I

A(t s)ds

At)=[ Py(t|t, A) A(f)df

-

-

h (t)

~

/




Week 1o-part 4: population with seli-coupling

A B
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Fig. 14.5: Asynchronous firing. For a sufficient amount of noise, the population activity in
a network of coupled spiking neurons with constant external input approaches a stationary
value Ag. A. The population activity of 1000 neurons has been filtered with a time window
of 1 ms duration. B. Same parameters as before, but the size of the population has been
increased to N = 4000. Fluctuations decrease with N and approach the value of Ag = 50
Hz predicted by theory.

Image: Gerstner et al.,
Neuronal Dynamics, Cambridge Univ. Press



Week 1o-part 4: population with seli-coupling

]O ]U

Fig. 14.6: Gain function and stationary activity in a population of SRM neurons with
exponential escape noise. A. Gain function (single neuron firing frequency v as a function
of constant current [;) for neurons with refractoriness given by Eq. (14.29). B. Self-
consistent solution for the population activity A(t) = Ag in a recurrent network of SRM
neurons coupled to itself with strength .Jg. Neurons are characterized by the same gain
function as in part A of the figure.

Image: Gerstner et al.,
Neuronal Dynamics, Cambridge Univ. Press



Week 1o-part 4: population with seli-coupling

Instabilities
and oscillations
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Week 10-part 4: Illllllillﬂ coupled populations

@ Same theory works

Jo1
C . Include the cross-coupling in h(t)
J12

Potential (SRM/GLM) of one neuron In population n

()= 2 n(t=t)+[, & (s)1.(t- S)ds+Z Iu| 7 () A(t—s5)ds
[ hn(t) }

A M) =[ PytIf,A)A @) dE



Week 19-part1: Summary and aims

-We can extract parameters for SINGLE neuron
(see NEURONAL DYNAMICS, Chs. 8-11)

-Different neuron types have different parameters

- Model Dynamics in one (homogeneous) populatior
Today, parts 15.2 and 15.3!

- Couple different populations
Today, parts 15.4! D / A

Sensory input
Eventually: Understand Coding and Brain dynamlcs




The end

Reading: Chapter 14 of
NEURONAL DYNAMICS,
Gerstner et al., Cambridge Univ. Press (2014)




