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Neuronal Dynamics - 8.1 Review: Variability in vive

Spontaneous activity in vivo  Variability
- of membrane potential?

- of spike timing?

awake mouse, cortex, freely whisking,
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Neuronal Dynamics — 8.1 Review. Variability

In vivo data
- looks ‘noisy’

INn vitro data
- fluctuations

Fluctuations
-of membrane potential
-of spike times

fluctuations=noise?

relevance for coding?

source of fluctuations?

model of fluctuations?



Neuronal Dynamics - 8.1. Review Sources of Variability

- Intrinsic noise (lon channels)

-Finite number of channels
-Finite temperature

-Spike arrival from other neurons
=) -Beyond control of experimentalist

Check Intrinisic noise by removing the network




Neuronal Dynamics - 8.1. Review: Sources of Variability

- Intrinsic noise (lon channels)

In vivo data
- looks ‘noisy’

In vitro data
—>small fluctuations ) o0
c e . - ::" ‘ \\
—nearly deterministic e L D GO(\“\\Qo




Neuronal Dynamics — 8.1 Review: Calculating the mean

FITO=2 00, ) e

o ZWkZJth )5t X(t)= [dt'f t-t)S(t-t,)

mean: assume Poisson ProCess

el

\) | 1
=1 w, jdt'a(t—t') v .
k rate of inhomogeneous
Poisson process



Neuronal Dynamics - 6.1. Fluctuation of potential

for a passive membrane, predict S
-mean =
-variance )

of membrane potential fluctuations
Passive membrane

T %u:—(u—urest) +RIP(t)
Passive membrane

=Leaky Integrate-and-fire
without threshold



Neuronal Dynamics - 8.1. Fluctuation of current/potential

g Synaptic current pulses of shape ~
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Neuronal Dynamics — 8.1 Calculating autocorrelations

(1) = 1,(1) +5(t)
(1)

Autocorrelation lo(t)MW O
t n\ _ Fluctuating input current
OO 4 (0 = [orfe-11
a 9
6\30\:‘?3@\0\“ () = [dsf(S)1¢t-s)
wel Mean:




White noise: Exercise 1.1-1.2 now

I I I I I I I 4 I I I I I I I I I I I I I I I I I

““““““““““““““““ . Assumption: |
far away from theshold|

| |

| |

Input starts here Next lecture: :

Expected voltage attimet  (u(t)) =" 9:56 I
|

|

|

|

Variance of voltage at time t
(Au(®)Au()) = (u®)u(t)) —(u())” =




Diffusive noise (stochastic spike arrival)

(Au(t)Au(t)) = (ut)u(t)) - (u(r))” = -
(Au(t)Au(t)) = (u®u(t’)) - (u(t)){u(t’) = ol

0 5 10 15 20 25

Math argument Hme

Pl ) =~ e { - LD ([AU@))) = o7 [L—exp(-2t/ 7)]

o (AR(0) 2 (Au2(1))




Neuronal Dynamics — 8.1 Calculating autocorrelations
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Autocorrelation Mean: X0)= [ot 1 -1 (S(0)
XOx(t))= (x(1)) = [dsf(s) v(t-s)
/
(x(O)x(E)) = [dt" [dt"f E-t) FE-t)(S(t)S(t") rate of inhomogeneous

Poisson process



Exercise 2.1-2.3 now: Diffusive noise (stochastic spike arrival)

| Stochastic spike arrival:
excitation, total rate  (s(t))=v
1|
Synaptic current pulses Next lecture:
d Oh58
)+ R S(t)

T _tu — —(U _urest

|

|

|

|

|

| S(t)=q, > S(t—-t')
I f
|

|

|

|

|

1. Assume that for t>0 spikes arrive stochastically with rate ¥
Calculate mean voltage U
- A{SH)SHN))=vo(t—-t)+v?
2. Assume autocorrelaﬂon( (t)S( )> ( ) Uy \mvwr/\x N
_Calculate  (uu(t)) =72




Poisson spike arrival: Mean and autocorrelation of filtered signal

f [
B /\/\ \ |
\
S(t) =D 5(t-t") - X(t) = | F(s)S(t—s)ds

Assumption: Fler ) = [ F(s)(S(t—9))ds
stochastic spiking
rate v(t) mean (x(t))= f F(s)(v(t—s))ds

Autocorrelation of outpu
x(t)x(t) {)j F(s)S(t— s)ds_[ F(s)S(t'—s")ds >

(X(E)x(t")) = F(S)F(s )(S(t—s)S(t'—s"))dsds’

Autocorrelation of input




Week 8 — part 2 : Autocorrelation of Poisson Process

EEEEEEEEEEEEEEEEE
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Biological Modeling of 8.1 Varlqtlon gf membrgne potentlal
N IN k - white noise approximation
eural Networks 8.2 Autocorrelation of Poisson

8.3 Noisy integrate-and-fire

ST . - superthreshold and subthreshold
Week 8 — Variability and Noise: 8.4 Escape noise

Autocorrelation -renewal model
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Justify autocorrelation of spike input:
Poisson process In discrete time

S Stochastic spike arrival:

O
o1 =0 Blackboard

In each small time step At
Prob. Of firing P =vAt

Firing independent between one time step and the next




Exercise 2 now: Poisson process In discrete time

Stochastic spike arrival:

O excitation, total rate
‘0‘:!::'\&3‘\"6’ J_I /
Next lecture:
In each small time step At 10:46
Prob. Of firing P =vAt

Firing independent between one time step and the next

Show that autocorrelation ry\ _ ! 2
At 50 (SE)S(t')y=vot—t)+v

Show that in an a long interval of duration T, (N(T))=vT
the expected number of spikes Is




Neuronal Dynamics - 8.2. Autocorrelation of Poisson

math detour

B S N L T -

Probabllity of spike
IN step n AND step k

spike train
Probabllity of spike In time step:
P. =V, At

Autocorrelation (continuous time)
(SH)SE)) =V, ot —t) +[v,]’



Quiz - 8.1. Autocorrelation of Poisson

At

The Autocorrelation (continuous time)

(SMS(t))

Has units

| | probabllity (unit-free)

| | probabllity squared (unit-free)
| | rate (1 over time)

[ ] (1 over time)-squred

spike train




Week 8 — part 3 : Noisy Integrate-and-fire

B
Biological Modeling of 8.1 Varlqtlon gf membrgne potentlal
Neural Networks - White noise approximation
el 8.2 Autocorrelation of Poisson

8.3 Noisy integrate-and-fire

ST . - superthreshold and subthreshold
Week 8 — Variability and Noise: 8.4 Escape noise

Autocorrelation -renewal model
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Neuronal Dynamics - 8.3 Noisy Integrate-and-fire

for a passive membrane, we
can analytically predict the
mean of membrane potential
fluctuations

Passive membrane
=Leaky Integrate-and-fire
without threshold

Passive membrane

T %u =—(U=Ug,y) +RIV"(1)

ADD THRESHOLD
- Leaky Integrate-and-Fire



Neuronal Dynamics - 8.3 Noisy Integrate-and-fire

effective noise current

| I
, \WW& MLSL\O
u(t)
LIF P U= i-U) +RIQ
\ _ noisy Input/
0= b+ e diffusive noise/

stochastic spike
IF u(t)=9THEN u(t+A)=u, arrival




Neuronal Dynamics - 8.3 Noisy Integrate-and-fire

fluctuating input current

I(t) O'\‘

/u /\Mm AN IAWM T Q

\ fluctuating potential

Random spike arrival



stochastic spike arrival In 1&F — interspike intervals

2.0 [
lg \M\/WH\\MW O - 1.0 MWMWW
’ 0.0 | ﬂf

RIP"(t) =R, (t) + (1) O 50 100 150 200

t [ms]
o1 —mMmM8M8M™Mmmm4—+————

ISI distribution

O 50 100 150 200
S

white noise @




Superthreshold vs. Subthreshold regime
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Neuronal Dynamics — 8.3. Stochastic leaky integrate-and-fire

2.0 |

dan

1.0

0.0

0.1

0.0

S,

|SI| distribution

O

50 100 150 200
S

noisy Input/ diffusive noise/
stochastic spike arrival

subthreshold regime:

- firing driven by fluctuations
- broad ISI distribution
- In VIVO like



Neuronal Dynamics - review- Variability invive

Spontaneous activity In vivo

Variability
of membrane potential?
awake mouse, freely whisking,

0 —

—20 - —

40 | -

| ¥ ' |'r|'| \ X M '|' |.|II 1

— 60 .,,'I_‘I.ll Hﬂu'lw L.,.,...__.',..ﬂ\i,-'rh W _,J\.ﬁ‘ld"hﬂ""'-f""-...r"'*' (Wl '.,rr..|‘"''".'''-u-"""v.-r-.r'-."'nl N "..Ur"fl I"'L.,..,.--l"ﬂ,,j LII""W A ..-f‘"h"‘#""-.-.‘_..-"h"‘"-'h{
| W

t[s]
Crochet et al., 2011

Subthreshold regime




Neuronal Dynamics - 8.3 Summary:Noisy Integrate-and-fire

Stochastic spike arrival: o .
for a passive membrane, we «Zg:}%é’ [T
can analytically predict the |
amplitude of membrane Passive merrlbfrane
potential fluctuations ut) :;Wkg e(t=1)
= Yw, [dt's(t-1)S (t)
K
Leaky integrate-and-fire fluctuating potential

INn subthreshold regime

Au®)Au(t)) = (u®P ) =(u(t))’
> In vivo like (Au()Au(D)) = ()] )~ {u(®)



Week 8 — Noisy input models: barrage of spike arrivals

B

ECOLE POLYTECHNIQUE
EEEEEEEEEEEEEEEEE

Blological Modeling of 8.1 Variation of membrane potential

Neural Networks - white noise approximation
8.2 Autocorrelation of Poisson

8.3 Noisy integrate-and-fire
- superthreshold and subthreshold

THE END



Week 8 — part 4 : Escape noise

EEEEEEEEEEEEEEEEE

- 8.1 Variation of membrane potentia
Biological Modeling of - white noise approximation

8.2 Autocorrelation of Poisson
Neural Networks 8.3 Noisy integrate-and-fire

- superthreshold and subthreshold
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Neuronal Dynamics - Review: Sources of Variability

- Intrinsic noise (lon channels)

-Finite temperature OO(\\(\‘O
5“‘6\

e,'::ga -Spike arrival from other neurons
G‘!“;\“"‘ J_I / - -
SRS -Beyond control of experimentalist .
Noise models? o
cO



escape process,
stochastic intensity

0

Noise models

escape rate

p(t) = Tu(t) -9)

NOow:
Escape noise!

stochastic spike arrival
(diffusive noise)

NoIsy Integration
du,
7-— =-—U + Rl +&(t

R

later

elation between the two models:




Neuronal Dynamics - 6.4 Escape noise

escape process

0

escaperate  p(t) = 1 exp(

u(t) —9

{ l

escape rate

p(t) = T(u(t)—9)

A A

)

Example: leaky integrate-and-fire model

-

.

d

r-—tu =—(U—-u_,

)+ RI(t)

if spike att' =>u t'+5 =u

~

/




Neuronal Dynamics - 8.4 stochastic intensity

escape process o _
Escape rate = stochastic intensity

R of point process
p(t) = T(u(t))

escape rate
p(t) =1 (u()—39)

examples o(t) = iexp(u(t) —

A A )

p(t) =




Neuronal Dynamics - 8.4 mean waiting time

4 \

T- iu =—(u—-u_,)+RI(t) escape rate
- / o p() = Fu) - 9)
U
p(t_)_L__ ________ J
7 >>1ms | ‘
“ 1n'13 t y U
|(t) mean waiting time, after switch
‘ 6(65
t VO (
6\30\:\ a0’



Neuronal Dynamics - 8.4 escape noise/stochastic intensity

Escape rate = stochastic intensity
of point process

p(t) = T (u(t))




Neuronal Dynamics - Quiz 8.4

Escape rate/stochastic intensity in neuron models
| ] The escape rate of a neuron model has units one over time
| ] The stochastic intensity of a point process has units one over time
| ] For large voltages, the escape rate of a neuron model always saturates

at some finite value
| ] After a step In the membrane potential, the mean waiting time until a spike Is
fired Is proportional to the escape rate
| ] After a step In the membrane potential, the mean waiting time until a spike Is
fired Is equal to the inverse of the escape rate
[ ] The stochastic intensity of a leaky integrate-and-fire model with reset only
depends on the external input current but not on the time of the last reset
| ] The stochastic intensity of a leaky integrate-and-fire model with reset depends
on the external input current AND on the time of the last reset



Week 8 - part 5 : Renewal model

EEEEEEEEEEEEEEEEE
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8.1 Variation of membrane potential

Biological Modeling of - white noise approximation

8.2 Autocorrelation of Poisson
Neural Networks 8.3 Noisy integrate-and-fire

- superthreshold and subthreshold

s . 8.4 Escape noise
Week 8 — Variability and Noise: _ stochastic intensity
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deterministic part of input noisy part of input/intrinsic noise
I(t) — u(t) - escape rate
/Example: \/E | A\
. . . xample:
nonllneéxr Integrate-and-fire model (il stochastic intensit
U F(u) LRI (t) exponental stocnastic Intensity
C p(t) = F(U(t) = p, exp(u(t) - 9
if spike att' =>u t' +5 =u
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Neuronal Dynamics - 6.9. Interspike Interval distribution

escape process

escape rate
p(t) =1 (u(t)—-9)

Survivor function

48, (tf) =—p(1) S, (t[f)




Neuronal Dynamics - 8.9. Interspike Intervals

A escape process Survivor function ExampleS NOW
__________________________ 8

POl 45, (tff) =—p(1) S, (tif)
t ! | S, ([t | t')dt’
escape rate '(| ) = exp(—tJ p(t)dt)

p(t) = f(ut)-9) —
“ Interval distribution
LD = o) exp(= [p(t)dt)
escape \ tAV~ —/
rate Survivor function




Example: |&F with reset, constant input

G "'""""""T;('t') """ escape rate
p(tf) = T (u(t))) = py exp(u(tf) - 9)

1
1] Survivor qunction A t e
S, (t—f) S (t]f) = exp(—fjp(t )dt’)
t
t
Interval distribution P(tlf) = o(tlt) exp(— [ot|6)dt)
e é = — 4 5(t[f)




Neuronal Dynamics - 8.9. Time-dependent Renewal theory

Example: I1&F with reset, time-dependent input,

g PR escape rateA A
/\f‘/\ p(tfh) = 1 W) = oy exp(u(tf) - 9
. ;
1 Survivor function A t A
S(t]f) S (t]f) = exp(— tj p(t]f)dt)
t
i t
Interval distribution P(tlf) = o(tf) exp(— [ o(t'[f)dt)
P(t[f) D= et tj” ‘
e é | = — 4 5(t[f)




Neuronal Dynamics — Homework assignement

neuron with relative refractoriness, constant input

1 u

[ escape rate | p(t) = P for u>9
9 _________________________
t f+A
1 Survivor function .
S, (t]f) S, (t[f) =
t
00 | Interval distribution
Py (t]f) P (t]f) =




Neuronal Dynamics — 8.5. Firing probability in discrete time

4 N

Probabillity to survive 1 time step

tk+—1

S (tk+1 ‘tk) — eXp[— J. p(t ')dt '] S(t,,, |t,) =exp[-p(t)A] =1- PkF

Probabillity to fire In 1 time step
P" =



Neuronal Dynamics - 8.9. EScape noise - experiments

9000 1.0

>
o

S
N
firing prob.

bin count
S
"

&
S

0

- 20
u-9[mV] Jolivet et al. ,
J. Comput. Neurosc.

F 2006
B =1-exp[-p(t,)A]

50 mV

1 u(t)—9
[RTTTNTE -l

A A

—— —
e —
-._
-—-'-_—
#
-——
e —
— —

Repetitions

0. 0.5 1.0 1.5 20 2.9

Time [s]

o



Neuronal Dynamics — 8.5. Renewal process, firing probability

Escape noise = stochastic intensity

-Renewal theory

- hazard function
- survivor function
- Interval distribution

-time-dependent renewal theory
-discrete-time firing probabillity
-Link to experiments

- basis for modern methods of
neuron model fitting




Week 8 — part 6 : Comparison of noise models

EEEEEEEEEEEEEEEEE

- 8.1 Variation of membrane potentia
Biological Modeling of - white noise approximation

8.2 Autocorrelation of Poisson
Neural Networks 8.3 Noisy integrate-and-fire

- superthreshold and subthreshold

Week 8 — Noisy input models: 8.4 Escape noise

Barrage of spike arrivals - stochastic intensity
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€sCape Process stochastic spike arrival
‘~ (fast noise) i (diffusive noise)
u(t)
t" t t"
escape rate noisy integration
pt) = f (U) — ) QY RIS




Poisson spike arrival: Mean and autocorrelation of filtered signal

f [
B /\/\ \ |
\
S(t) =D 5(t-t") - X(t) = | F(s)S(t—s)ds

Assumption: Fler ) = [ F(s)(S(t—9))ds
stochastic spiking
rate v(t) mean (x(t))= f F(s)(v(t—s))ds

Autocorrelation of outpu
x(t)x(t) {)j F(s)S(t— s)ds_[ F(s)S(t'—s")ds >

(X(E)x(t")) = F(S)F(s )(S(t—s)S(t'—s"))dsds’

Autocorrelation of input




Diffusive noise (stochastic spike arrival)

IL\Q
1|1

dt

d
4 au—_(u urest)

NN

\“\/W A7

i u=—(u- urest)'|'z(¥5(t tk zq

Stochastic spike arrival.
excitation, total rate Re
Inhibition, total rate R

naptlc current pulses

Ls(t-t,5)

kf'C

EPSC IPSC

~

+RI() +  &(t) Blackboard

Langevin equation,
Ornstein Uhlenbeck process




Diffusive noise (stochastic spike arrival)

: %u}(u—urest) FRIQ + £
(AU®AU)) = (UOU®)—(u)’ = Math argument

(Au(t)Au(t)) = (u(t)u(t’)) - (u)){u(t)) = - no threshold

- trajectory starts at
known value




Diffusive noise (stochastic spike arrival)

(Au(t)Au(t)) = (ut)u(t)) - (u(r))” = -
(Au(t)Au(t)) = (u®u(t’)) - (u(t)){u(t’) = ol

0 5 10 15 20 25

Math argument Hme

Pl ) =~ e { - LD ([AU@))) = o7 [L—exp(-2t/ 7)]

o (AR(0) 2 (Au2(1))




Neuronal Dynamics - 8.6. Diffusive noise/stoch. arrival

A) No threshold, stationary Input
Membrane potential density: Gaussian

U ‘_
/ U constant input rates
no threshold

Nnoisy Integration

7-— =—Uu, + Rl +&(t)




Neuronal Dynamics — 8.6 Diffusive noise/stoch. arrival
B) No threshold, oscillatory Input

Membrane potential density:
Gaussian at time t

> p(u(D)

U

Nnoisy Integration
du,
7-— =—-U + Rl +&(t




Neuronal Dynamics - 6.4. Diffusive noise/stoch. arrival

C) With threshold, reset/ stationary Input
Membrane potential density




Neuronal Dynamics - 8.6. Diffusive noise/stoch. arrival

Superthreshold vs. Subthreshold regime

0.0

/

L

O 50 100 150 200

t [ms]

S

2.0 -

1.0

A

0.1

50 100 150 200
t [ms]

S

50 100 150 200
S

—

— p)

Nearly Gaussian
subthreshold distr.

Image:

Gerstner et al. (2013)
Cambridge Univ. Press,;
See: Konig et al. (1996)



escape process
A (fast noise)

L T 4
T
t t

escape rate
pt) =1 (u()—9)

Interval distribution

R(tt) =
= () -exp(= jp(t )dt’)
escape - V —

rate Survivor function

stochastic spike arrival
 C (diffusive noise)

NoIsy Integration

Stationary input:
du.

-Mean |S]
7-— =—-U + Rl +£(t)

dt
V=ho /

(5) = o /7 / " du exp (u2) [1+ erf(u)] noise

U —h{:]
a

Siegert 1951 white

firg napse
-Mean firing rate P((Htt”o)se? 4

ﬁ‘ %e)
Ime pro
(Brunel et al., 2001)



Diffusive noise

- distribution of potential

- mean interspike interval
FOR CONSTANT INPUT

- time dependent-case difficult

Escape noise

- time-dependent interval
distribution



Noise models: from diffusive noise to escape rates

noisy integration | |

stochastic spike arrival
(diffusive noise)

escape rate

19 2
() = £ (Uy (), U (1) o PP 55) 14U’y (1)]
erf ((u,(t) —%)/ o)

( (uO (t) N




Comparison: diffusive noise vs. escape rates

Plesser and Gerstner (2000)

Probability of first spike 0.3

diffusive
.1
""""""""" escape
. R B
1.0 - " - - "T"=""="—-—®="_-"=-="-=-==-=== -
subthreshold =
potential
£3_0) . . . 1
) 100D =3

T Imsl

escape rate

o) = T (U 0.0 1) oeexp(- L O TL U’ (1)]




Diffusive noise

- represents stochastic spike arrival

- easy to simulate
- hard to calculate

Escape noise

- represents internal noise

- easy to simulate

- easy to calculate

- approximates diffusive noise

- basis of modern model fitting methods



Neuronal Dynamics - Quiz 8.4.

T
T
it

[ ]
[]

has

e mem
e mem

he Inters
he Inters

e mem

stayec

orane
orane

orane

notentia
notentia

notentia

C
C

C

KY Integrate-and-fire model with diffusive noise:

IStri
IStri
IStri

as long as the mean trajectory stays ‘far’ away from the firing threshold.
[ ] The membrane potential distribution is Gaussian for stationary input in the absence of a threshold.
| ] The membrane potential distribution is always Gaussian for constant input and fixed noise level.

B. Consider aleaky integrate-and-fire model with diffusive noise for time-dependent input. The above figure
(taken from an earlier slide) shows that

nike interval distribution iIs maximal where the determinstic reference trajectory Is closest to the threshold

nike interval vanishes for very long intervals if the determinstic reference trajectory

close to the threshold before - even if for long intervals it is very close to the threshold

[] If there are several peaks In the interspike interval distribution, peak n is always of smaller amplitude than peak n-1.

[] | would have ticked the same boxes (in the list of three options above)

for a leaky integrate-and-fire model with escape noise.

oution Is always Gaussian.
oution is Gaussian for any time-dependent input.

oution Is approximately Gaussian for any time-dependent input,

| & ] 100 =200
t Imsl



