Rapid signal transmission by populations of spiking neurons

Wulfram Gerstner Swiss Federal Institute of Technology Lausanne Center for Neuro-mimetic Systems, EPFL-DI CH-1015 Lausanne EPFL

Abstract

The dynamics of a homogeneous population of spiking neurons are analyzed. It is shown that signal transmission can be rapid. The cut-off frequency of signal transmission depends on the noise level and on synaptic time constants rather than on the membrane time constant. In the low noise limit, transients of the population activity can be immediate.

1 Introduction

Mammals can react rapidly to unknown stimuli. Humans, for example, can classify complex visual scenes into two groups (animal/not animal) within less than four hundred milliseconds [1]. If we assume that half of the time is needed for motor commands (pressing or releasing a button), this leaves about 200 milliseconds for the recognition task. Since it is generally assumed that recognition involves many processing steps, each processing step in some iterative scheme must be completed within 10 or 20 milliseconds. This implies that the network of neurons in the brain does not have the time to reach a stationary state. Most of the processing has to be done during the initial transient. If we aim for a better understanding of the brain, we must therefore be interested in the dynamics of neural systems.

While the relevance of dynamics is commonly recognized, most standard problems in artificial neural network are formulated as static tasks. In a stationary state, neurons are fully characterized by their transfer function g. The output of neuron i is simply a_i = g( ∑ j w_{ij} a_j ) where w_{ij} are the connection weights from j to i. A simple way to add dynamics to the model is (e.g., [2, 3]) an equation of the form τ d dt a_i = −a_i + g ∑ j w_{ij} a_j + h^{ext} (1)

where h^{ext} is some external stimulus. The fixed points of the dynamics (1), defined by da_i/dt = 0, yield the standard equations of artificial neural networks.

The dynamics (1) is completely ad hoc. In particular, the interpretation of the time constant τ is not clear. For a step-like stimulus which is switched on at time t_0, the time constant τ characterizes the transient of the approach to the new stationary state. Is τ the membrane time constant of the neuron? This is the central question of this paper and the answer will be negative. Before we can answer this question, we must discuss the interpretation of the variable a. Is a the temporally averaged firing rate of a single neuron? If so, τ would be related to the time window of temporal averaging and have no physical meaning. On the other hand, a may represent the activity of a population of neurons. It is this second interpretation that we will study in this contribution. We will see that transients in a population of spiking neurons can be fast compared to the time scale of the membrane time constant. It will turn out that the time constant of the transient is rather related to the level of noise than to the membrane time constant.

Formally we define the population activity A by counting the spikes in a pool of neurons averaged over an infinitesimal time window Δt

A(t) = lim_{Δt→0} 1 Δt n_{act}(t; t + Δt) N = 1 N ∑ t(^f )_j

δ(t − t^{(f )}_j ) (2)

where n_{act}(t; t + Δt) is the number of spikes emitted by the population between t and t + Δt and N is the size of the population. The firing times of neuron j are denoted by t^{(f )}_j . In section 3 we review an integral equation which replaces (1) and describes the dynamics of A(t) in the limit of N → ∞. For any finite population, the variable A(t) fluctuates considerably around a momentary expectation value ⟨A(t)⟩. In the last part of the paper, we calculate the spectrum of the fluctuations and discuss its relevance for signal transmission.

2 Spike Response Model

2.1 Definition

Spikes will be treated as formal events and are characterized by their firing time t^{(f )}_i . Spikes of neuron i are generated if the variable u_i(t) (the membrane potential) approaches a threshold ϑ from below:

u_i(t) = ϑ and du dt > 0 =⇒ t = t^{(f )}_i (3)

At each threshold crossing we ‘paste in’ the effect of a spike by adding a kernel η(t − t̂_i) where t̂_i is the last firing time of neuron i. In a detailed model η(t − t̂_i) would include the form of the action potential and the spike afterpotential. Here we take a simple model,

η(t − t̂_i) = η_0 exp ( − t − t̂_i τ ) H(t − t̂_i) (4)

with η_0 < 0. In this case, η does not describe the time course of the spike itself but only the ‘reset’ to a lower value of the membrane potential after threshold crossing. The Heaviside step function H(s) is zero for s ≤ 0 and unity for s > 0.

A spike of a presynaptic neuron j at time t^{(f )}_j evokes, for t > t^{(f )}_j , a postsynaptic potential at the soma of neuron i. The time course of the postsynaptic response is described by a kernel ϵ(t − t̂_i, t − t^{(f )}_j ). The response of the postsynaptic neuron i depends on the time t − t̂_i which has passed since the last output spike of i. Immediately after a postsynaptic spike, most ion channels are open and the membrane resistance is practically shunted. An input spike which arrives a short time after t̂_i evokes therefore only a small response. If the same input spike arrived a long time after the last postsynaptic spike, it would cause a much larger response. The amplitude of the response is scaled by the synaptic efficacy w_{ij} . The total membrane potential is the sum of all postsynaptic potentials plus the spike afterpotential η

u(t|t̂_i) = η(t − t̂_i) (5) + ∑ t(^f )_j w_{ij} ϵ(t − t̂_i, t − t^{(f )}_j )

+ J^{ext} ∫_∞ 0 ϵ̃(t − t̂_i, s)I^{ext}(t − s)ds where the sum runs over all firing times of all presynaptic neurons. The last term in (5) accounts for a potential external input current I^{ext} which may be applied to the cell. Eqs. (3) and (5) define the Spike Response Model. With an appropriate choice of the kernels η(t − t̂_i) and ϵ(t − t̂_i, t − t^{(f )}_j ), the Spike Response Model can reproduce ninety percent of the firing times of the Hodgkin- Huxley model with a precision of ±2 ms [4]. With a different choice of the kernels the Spike Response Model can be mapped exactly to the integrate-and-fire model [5]. Moreover, a model of the form (5) can also be fitted to experimental data [6]. We may therefore consider (3) and (5) as a rather general framework for the dynamics of spiking neurons [7].

2.2 Simplified model SRM_0

The population theory discussed below is valid for the general model defined by (5) [8]. In order to simplify the notation, we neglect in the following the dependence of ϵ and ϵ̃ on t − t̂_i and take u(t|t̂_i) = η(t − t̂_i) + ∑ t(^f )_j

w_{ij} ϵ(t − t^{(f )}_j )(6)

+J^{ext} ∫_∞ 0 ϵ̃(s) I^{ext}(t − s) ds. Eqs. (3) and (6) define the simplified spike response model SRM_0.

It is convenient to introduce the total input potential

h_i(t) = ∑ t(^f )_j

w_{ij} ϵ(t − t^{(f )}_j ) (7)

+J^{ext} ∫_∞ 0 ϵ̃(s) I^{ext}(t − s) ds which allows us to write the membrane potential as u(t|t̂_i) = η(t − t̂_i) + h_i(t). Note that the input potential h_i(t) does not depend on the last firing time t̂_i of neuron i.

In a simple model, the kernel ϵ̃ can be approximated by a low-pass filter

ϵ̃(s) = 1 τ e^{−s/τ} (8) with the membrane time constant τ.

2.3 Noise

In the deterministic version of the model, we can calculate the next firing time of a neuron i with potential u(t|t̂_i) from the threshold condition (3). Let us now assume that there is some intrinsic noise source. In this case, we cannot predict the exact firing time of neuron i but only the probability density P_h(t|t̂_i) that a spike occurs at t given that the last spike occurred at t̂_i. The lower index h is intended to remind the reader that the firing density at time t depends on the input potential h_i(t^′) for t̂_i < t^′ < t.

A noise model which is particularly convenient is escape noise. We assume that neuron i may emit a spike even though its membrane potential u_i(t|t̂_i) has formally not yet reached the threshold ϑ. Similarly, the neuron may stay quiescent even though the membrane potential is already above threshold. At each instant of time, the probability density of firing (escape rate ρ) depends only on the momentary distance between u and the threshold:

ρ(t) = f[u_i(t|t̂_i) − ϑ] . (9)

We may for example take or f(u − ϑ) = (u − ϑ) H(u − ϑ) f_0 with some constant f_0. For f_0 → ∞ we are back to the noise-free case.

We emphasize that (9) describes a noise source which is intrinsic to the neuronal dynamics. Given that in recordings with welldefined intracellular stimuli neurons seem to be nearly noiseless such intrinsic noise sources do not seem to play a major role. The apparent ‘noisiness’ of cortical neurons is probably a network effect, as supported by theoretical studies [9, 10]. Noise should then better be described as stochastic spike arrival. It can, however, be shown that stochastic spike arrival and escape noise give, under a wide range of stimulus conditions, rise to rather similar behavior [11].

The advantage of the escape noise model compared to other noise models is that we

Figure 1: Survivor function for four different levels of noise. Escape rate ρ(t) = [u(t|t̂) − ϑ] H[u(t|t̂) − ϑ] f_0 with f_0 = 20 (solid line), 10 (dotted line), 2 (long-dashed line), and 0.5 (dot-dashed line). The constant input potential h_0 has been adjusted so that the mean interval is always 10 ms.

can derive a (more or less explicit) expression for the firing density P_h(t|t̂_i). Let us suppose that the last spike of neuron i occurred at time t̂_i. If we know the input current and past spikes of other neurons we can calculate the membrane potential of neuron i from (6). At each moment between t̂_i and t there is the probability of escape across threshold proportional to ρ(t) = f(u_i(t|t̂_i) − ϑ). The probability that the neurons stays quiescent from t̂_i up to time t is therefore

S_h(t|t̂_i) = exp { − ∫_t t̂_i ρ(t^′) dt^′ } . (10)

(10) is called the survivor function [12, 13]. The probability density of emitting the next spike at t (with no output spikes in between) is then the probability of ‘surviving’ from t̂_i to t times the probability of firing at t, viz.,

P_h(t|t̂_i) = ρ(t) S_h(t|t̂_i) (11)

= ρ(t) exp { − ∫_t t̂_i ρ(t^′) dt^′ } . In the following sections, we will make repeated use of (11). Survivor function and interval distribution for constant input potential h(t) = h_0 are plotted in Figs. 1 and 2, respectively.

3 Population dynamics

3.1 Population equations

In this section we derive the equations describing the population dynamics in a homogeneous pool of neurons. For the sake

Figure 2: Interval distribution for four different levels of noise. For low noise, the interval distribution is fairly sharp (solid line). For higher noise level the distribution becomes skewed and broad (dashed and dotdashed lines). The mean interval is 10 ms in all cases.

of simplicity we consider a single population. All neurons have identical parameters, homogeneous coupling w_{ij} = w_0/N, and receive the same external input J^{ext}I^{ext}. Given the definition of the activity (2) we can rewrite the input potential as

h(t) = w_0 ∫_∞ 0 ϵ(s) A(t − s) ds (12) +J^{ext} ∫_∞ 0 ϵ̃(s) I^{ext}(t − s) ds Note that the input potential does not depend on the neuronal index i. (12) is the first of the two population equations. It tells us how to calculate h(t) given A(t−s) in the past. A second equation allows us to determine the current value of the activity A(t) given h(t − s) in the past, A(t) = ∫_t −∞ P_h(t|t̂) A(t̂) dt̂ . (13) (13) has a rather intuitive interpretation. All neurons which have fired at t̂ will contribute to the activity A(t) at time t > t̂ with a weight P_h(t|t̂). Note that even though (13) looks like a linear equation, it is, in fact highly nonlinear since the firing density P_h(t|t̂) defined in (11) depends nonlinearly on h and h depends via (12) on A. (12) and (13) define the population dynamics in a homogeneous pool of neurons. In the following two subsections we will analyze the equations in some special cases.

3.2 Steady state

A steady state may be defined by a constant activity A(t) = A_0. Given a constant input

I^{ext} = I_0 the input potential is

h_0 = w_0 A_0 + J^{ext}I_0 . (14)

For constant input, the firing density P_h(t|t̂) depends only on the time difference

P_{h0} (t|t̂) = P_0(t − t̂) . (15)

We may think of P_0(s) as the interspikeinterval distribution. The mean interspike interval is ⟨s⟩ = ∫ s P_0(s)ds = ∫ S_0(s)ds where S_0(s) = S_{h0} (s|0) denotes the survivor function in the stationary state. The mean firing rate of a neuron is 1/⟨s⟩. In a stationary state the population activity is equal to the mean rate and hence

A_0 = [∫_∞ 0 S_0(s) ds ]_{−1} (16) = [∫_∞ 0 exp ( − ∫_s 0 ρ_0(s^′) ds^′ ) ds ]_{−1}

with ρ_0(s) = f[η(s) + h_0 − ϑ].

3.3 Linearization

Let us suppose that the network activity is close to a stationary state, A(t) = A_0 + ΔA(t). We want to linearize (13) to first order in ΔA. Before we do the linearization, it is convenient to rewrite (13) in the form 0 = d dt ∫_0 −∞ S_h(t|t̂) A(t̂) dt̂ . (17) Evaluation of the right-hand side with P_h(t|t̂) = −^d_{dt} S_h(t|t̂) leads back to (13).

We now set A(t) = A_0 + ΔA(t) and expand to first order in ΔA. The external stimulus is I^{ext}(t) = I_0 + ΔI(t). The input potential is therefore h(t) = h_0 + Δh(t) with h_0 = w_0 A_0 + J^{ext}I_0 and

Δh(t) = w_0 ∫_∞ 0 ϵ(s) ΔA(t − s) ds (18) +J^{ext} ∫_∞ 0 ϵ̃(s) ΔI(t − s) ds The linearization of (17) is

ΔA(t) = ∫_t −∞ P_0(t − t̂) ΔA(t̂) dt̂ (19)

+A_0 ∫_∞ 0 L(x) d dt Δh(t − x) dx .

Figure 3: Example of the filter L(x) for four different values of noise. For low noise, the filter decays rapidly to zero and vanishes pratically for x > 2.5 ms (solid line). For high noise, the filter is much broader (dashed and dot-dashed lines).

where we have introduced a filter L(s) = ∫_∞ −s ds^′ ∂S_h(s^′|0) ∂h(s^′ − s) |_{h=h0} (20) = ∫_∞ s S_0(s^′) d dh_0 f[η(s^′ − s) + h_0]

The first term on the right-hand side of (19) describes the effect of previous variations ΔA on the present activity. The second term is due to variations in the input potential. We emphasize that the second term is proportional to the derivative of a low-pass filtered version of the input potential. Examples of the filter L(s) are shown in Fig. 3.

4 Transients

To keep things simple, we set the coupling to zero: w_0 = 0. Let us suppose that the input I^{ext} is switched at time t_0 from I_0 to a new value I_0 + ΔI. This causes a change in the input potential Δh(t) = J^{ext} ∫_{t−t0} 0 ϵ̃(s)ΔI ds. In (19) we need the derivative of Δh: d dt h(t) = J^{ext} ΔI ϵ̃(t − t_0) (21)

For low noise the filter L may be approximated by a δ-function. The change of the activity during the initial phase of the transient is therefore given by ΔA(t) ∝ ϵ̃(t − t_0). The rise time of the initial transients is therefore given by the rise time of the kernel ϵ̃ and not by the membrane time constant. (The membrane time constant τ describes the decay of the ϵ̃-kernel.)

In the presence of noise the transients are slower due to the low-pass characteristics of the filter L. The cut-off frequency

Figure 4: Transients in a network of 1000 neurons for low noise (top) and high noise (bottom). A step current input was switched on at t = 100 ms. In both cases, the mean activity before the current switch was about 100 Hz (mean interval ≈ 10 ms). In the low noise case the variance of the interval was 0.5 ms (parameter f_0 = 50), in the high-noise case the variance was 5 ms (f_0 = 2)

of the filter L determines the sharpness of the transient. Fig. 4 shows two simulations at low noise (top) and at high noise (bottom). Note that for low noise the transition is quasi immediate. For high noise we may approximate the filter L by an exponential L(x) = aγe^{−γx} H(x). In this case, ∫_∞ 0 L(x)^d_{dt} Δh(t − x) dx ∝ [Δh(t) − Δh(t)] where Δh is a running average with time window 1/γ. During the initial phase of the transient i.e., t − t_0 ≪ 1/γ, the running average Δh is negligible. The activity follows therefore in the high-noise limit the membrane potential h which changes with time constant τ. In the high-noise limit (1) can therefore be justified. For low noise, transients can be much faster.

5 Signal-transfer function

Another way of evaluating the signal transmission properties is by calculating the transfer function S(f) = |Â(ω)/Î(ω)|. with ω = 2πf. We stimulate the population with a sinusoidal current Î(ω). The Fourier transform of (19) yields the response Â(ω). Thus Â(ω) Î(ω) = iω J^{ext} A_0 L̂(ω) ^̃ϵ(ω) 1 − P̂ (ω) − iω w_0A_0L̂(ω)ϵ̂(ω) . (22) The absolute value of (22) for w_0 = 0 is the signal transfer function shown in Fig. 5.

Figure 5: Signal transmission for low noise (solid line) and high noise dashed lines).

6 Finite-size effects

The above theory is valid in the limit of N → ∞. For finite N we have to consider fluctuations around the expected value. Let us suppose that, for constant external input, the activity fluctuates around a constant value A_0. To mimic the effect of fluctuations, we assume that the escape rate ρ(t) changes stochastically, viz., ρ(t) = f(u − ϑ) [1 + σξ(t)] where ξ is Gaussian white noise. Linearization with respect to σ (and as before with respect to ΔA) yields the noise spectrum in the stationary state

|Â(ω)|^2 = σ^2 A^2_0 |F̂(ω)|^2 |Ŝ(ω) − w_0 A_0L̂(ω)ϵ̂(ω)|^2

(23)

where F̂ is the Fourier transform of a filter F(t) = H(t) ∫_∞ t ρ_0(s − t) S_0(s) ds (24)

Note that inhibitory coupling w_0 < 0) generates anti-correlations in the firing of the neurons. Anti-correlations lower the noise spectrum in a given frequency range. As a result, signal transmission in this frequency range has considerably less noise than would be predicted from pure Poisson firing. Thus even with as little as 100 neurons in a population signals can be transmitted rapidly and with a low noise level.

7 Discussion

The dynamics of populations of neurons has been studied by several researchers [2, 5, 14, 15, 9, 10, 16, 17, 18, 19]. The present theory aims at understanding the population dynamics from the unified point of view of an integral equation valid for renewaltype point processes [20, 13] in the limit of N → ∞. Signal transmission via the population activity is a ‘rate’ code where the rate is defined by a spatial rather than a temporal average. Even though it is a rate code, computation by pools of spiking neurons can be fast [14, 21, 22, 8].

References

[1] S. Thorpe, D. Fize, and C. Marlot, nature 381, 520 (1996).

[2] H. R. Wilson and J. D. Cowan, Biophysical J 12, 1 (1972).

[3] J. Hertz, A. Krogh, and R. G. Palmer, Introduction to the theory of neural computation (Addison-Wesley, Redwood City CA, 1991).

[4] W. M. Kistler, W. Gerstner, and J. L. van Hemmen, Neural Comput. 9, 1015 (1997).

[5] W. Gerstner, Phys. Rev. E 51, 738 (1995). [6] C. F. Stevens and A. M. Zador, Proc. of the 5th Joint Symposium on Neural Computation; WEB-page of A. Zador [7] W. Gerstner, A framework for spiking neuron models. in Models of Neural Networks 4, edited by J. L. van Hemmen (Springer-Verlag, 1999), to appear. See WEB-page of Gerstner [8] W. Gerstner, Neural Computation, to appear (1999).

[9] C. van Vreeswijk and H. Sompolinsky, Science 274, 1724 (1996).

[10] N. Brunel and V. Hakim, Fast global oscillations in networks of integrate-and-fire neurons with low firing rates. See WEB-page of Brunel (1999).

[11] H. E. Plesser and W. Gerstner, Neural Computation, to appear (1999).

[12] D. H. Perkel, G. L. Gerstein, and G. P. Moore, Biophys. J. 7, 391 (1967).

[13] D. Daley and D. Vere-Jones, An introduction to the theory of point processes (Springer, 1988).

[14] B. W. Knight, J. Gen. Physiology 59, 734 (1972).

[15] L. F. Abbott and C. van Vreeswijk, Phys. Rev.

E 48, 1483 (1993).

[16] J. Eggert, in Artificial Neural Networks - ICANN’97, edited by W. Gerstner et al. (Springer, 1997), pp. 109–114.

[17] D. Nykamp, D. Tranchina, R. Shapley, and D.

McLoughlin, J. Computational Neuroscience, to appear (1999).

[18] D. J. Pinto, J. C. Brumberg, D. J. Simons, and G. B. Ermentrout, J. Comput. Neurosci. 3, 247 (1996).

[19] J. Pham, K. Pakdamen, J. Champagnat, and J.-R. Vibert, Neural Networks 11, 415 (1998).

[20] D. R. Cox, Renewal theory (Methuen, London, 1962).

[21] A. Treves, Int. J. of Neural Systems 3 (Supp), 115 (1992).

[22] M. V. Tsodyks and T. Sejnowski, Network 6, 111 (1995).