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Abstract

While most models of randomly connected neural networks assume single-neuron models
with simple dynamics, neurons in the brain exhibit complex intrinsic dynamics over multiple
timescales. We analyze how the dynamical properties of single neurons and recurrent con-
nections interact to shape the effective dynamics in large randomly connected networks. A
novel dynamical mean-field theory for strongly connected networks of multi-dimensional
rate neurons shows that the power spectrum of the network activity in the chaotic phase
emerges from a nonlinear sharpening of the frequency response function of single neurons.
For the case of two-dimensional rate neurons with strong adaptation, we find that the net-
work exhibits a state of “resonant chaos”, characterized by robust, narrow-band stochastic
oscillations. The coherence of stochastic oscillations is maximal at the onset of chaos and
their correlation time scales with the adaptation timescale of single units. Surprisingly, the
resonance frequency can be predicted from the properties of isolated neurons, even in the
presence of heterogeneity in the adaptation parameters. In the presence of these internally-
generated chaotic fluctuations, the transmission of weak, low-frequency signals is strongly
enhanced by adaptation, whereas signal transmission is not influenced by adaptation in the
non-chaotic regime. Our theoretical framework can be applied to other mechanisms at the
level of single neurons, such as synaptic filtering, refractoriness or spike synchronization.
These results advance our understanding of the interaction between the dynamics of single
units and recurrent connectivity, which is a fundamental step toward the description of bio-
logically realistic neural networks.

Author summary

Biological neural networks are formed by a large number of neurons whose interactions
can be extremely complex. Such systems have been successfully studied using random net-
work models, in which the interactions among neurons are assumed to be random. How-
ever, the dynamics of single units are usually described using over-simplified models,
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which might not capture several salient features of real neurons. Here, we show how
accounting for richer single-neuron dynamics results in shaping the network dynamics
and determines which signals are better transmitted. We focus on adaptation, an impor-
tant mechanism present in biological neurons that consists in the decrease of their firing
rate in response to a sustained stimulus. Our mean-field approach reveals that the pres-
ence of adaptation shifts the network into a previously unreported dynamical regime, that
we term “resonant chaos”, in which chaotic activity has a strong oscillatory component.
Moreover, we show that this regime is advantageous for the transmission of low-fre-
quency signals. Our work bridges the microscopic dynamics (single neurons) to the mac-
roscopic dynamics (network), and shows how the global signal-transmission properties of
the network can be controlled by acting on the single-neuron dynamics. These results
paves the way for further developments that include more complex neural mechanisms,
and considerably advance our understanding of realistic neural networks.

Introduction

The existence of a chaotic phase is a common property of large networks of neurons with ran-
dom connectivity [1, 2]. Chaotic dynamics has been proposed as a mechanism for internally-
generated cortical variability [3-5] and the richness of the dynamics at the edge of chaos has
been exploited to learn complex tasks involving generation of temporal patterns [6-12]. In
these and other related approaches, the chaotic behavior of the network mainly arises from the
random interactions, whereas the dynamics of single neurons are typically given by first-order
differential equations. The simplicity of single neuron dynamics in these models allows to
quantitatively determine the chaotic phase of synaptically coupled neurons using dynamical
mean-field theory (DMFT) [1], even in networks with more realistic connectivity structure [2,
12-14].

A fascinating question is what kind of activity emerges in neural networks that are subject
to additional biological constraints. Biological neurons exhibit rich multi-dimensional internal
dynamics [15-18] that are inconsistent with first-order equations. However, a theoretical
understanding of the emergent activity patterns in networks of more realistic multi-dimen-
sional neuron models is largely lacking. Here, we develop a theoretical framework that extends
DMFT to multi-dimensional rate neurons. Using this framework, we show that the power
spectrum of the network activity in the nonlinear, strongly coupled regime, emerges from a
sharpening of the single-neuron frequency response function due to strong recurrent
connections.

Our theory uses firing rate models with two or more variables per unit. While rate-based
models [19, 20] discard information on the exact spike-timing of single neurons, they have the
advantage of being accessible to an analytical characterization of their dynamics. However,
commonly-used one-dimensional rate models cannot fully capture the dynamics of the mean
activity of a population of spiking neurons, such as the synchronization of neurons in response
to a stimulus onset [21-23], an effect that is readily observed in integrate-and-fire models [24—
28]. To capture rapid synchronization after stimulus onset in rate models, it is necessary to
consider at least two equations per rate neuron [29-31]. Multi-dimensional models also
account for additional cellular mechanisms such as refractoriness [32], spike-frequency adap-
tation (SFA) [28, 33-35], synaptic filtering [36, 37], subthreshold resonance [38] or for the
effect of dendritic compartments [39, 40].
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To be specific, we focus on SFA, the decrease of a neuron’s firing rate in response to a sus-
tained stimulus, but our theory can also be applied to other phenomena. SFA is present in neu-
rons at all stages of sensory processing, and is believed to play a crucial role for efficient coding
of external stimuli [15]. Moreover, SFA over multiple timescales represents an efficient solu-
tion for information transmission of sensory signals whose statistics change dynamically [16,
18, 41]. It is therefore of great interest to understand how adaptation and recurrent connec-
tions interact to shape network dynamics and signal transmission [42, 43]. If connections and
adaptation are weak, the network dynamics can be largely understood within linear response
theory. In particular, in the presence of signals and noise, linear response theory predicts that
adaptation shapes signal and noise in precisely the same manner [35], canceling the noise-
shaping effect of adaptation [42-44]. In contrast, in strongly coupled networks generating cha-
otic fluctuations [1], linear response theory is not applicable and the effect of adaptation on the
signal transmission in this case remains poorly understood. Here, we show that introducing
adaptation into a strongly-coupled network of rate units shifts the network to a state of “reso-
nant” chaos that is qualitatively different from the chaotic behavior of the network without
adaptation. In this state, the network generates a stable rhythm corresponding to a narrow-
band peak in the power spectrum which is robust against quenched disorder in adaptation
parameters (heterogeneity). We show that in this new regime the network has two interesting
functional properties: first, the correlation time increases with the adaptation timescale; sec-
ond, the low-frequency power of the chaotic activity is strongly decreased, enabling a better
transmission of slow signals.

In the Results section, we first present the microscopic model for the network of rate
neurons with adaptation and describe its dynamical regimes. Then, we introduce the mean-
field approximation that allows us to describe the resonant chaotic state and to study its func-
tional consequences. Finally, we present the general multi-dimensional model that allows
to introduce multiple mechanisms at the single-neuron level. Detailed derivations are pro-
vided in the Methods section, while in the Discussion we examine possible extensions and
generalizations.

Results

We study the dynamics of a network of rate neurons that undergo rate adaptation. Each neu-
ron is described by two variables, x;(f) and a,(t). The first variable x; is the activation variable
that defines the output rate y via a nonlinear function ¢, i.e. y;(t) = ¢(x,(t)). More precisely,
¢(x,(t)) should be interpreted as the deviation of the firing rate from some reference rate.
Therefore, ¢(x;(t)) can take both positive and negative values. The adaptation variable a;(t) of
neuron i is driven by the neuron activation variable x;(f) and provides negative feedback onto
x;. In what follows, we measure time in units of the timescale of x (i.e. time is considered
dimensionless). The corresponding network equations are

x(t) = *xi(t)JrZLj(b(xj(f))*a,v(t)JrL(f) (1)

a,(t) = —yalt)+yBx(t), (2)

where the dot indicates the temporal derivative and N is the number of units in the network.
The synaptic weights are sampled i.i.d from a Gaussian distribution, i.e. J; ~ NV(0,g/N). The
parameter ¥ > 0 can be interpreted as the ratio of the timescales of the two variables x and a,
while § > 0 is a parameter that controls the strength of adaptation.
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Fig 1. Microscopic network dynamics with firing rate adaptation. In the top row (panels a and b), the network is below the
bifurcation, (g = 0.96¢.(y, B)), and it exhibits a transient activity to the stable fixed point. In the bottom row (panels ¢ and d), the fixed
point is unstable (g = 1.3g,) and the network exhibits irregular, self-sustained oscillations. In the left column (panels a and c), the
network is in the resonant regime (y = 0.2, 8 = 0.5), as it can be seen from the single-neuron linear frequency response function G(f) (cf.
Eq9). In the right column (panels b and d), the network is in the non-resonant regime (y = 1, = 0.1). For each panel, ten randomly
chosen units are shown, out of N = 1000 units. Panel ¢ corresponds to the resonant chaotic state, while in panel d the system exhibits
chaotic activity similar to the case described in [1]. The insets show the eigenvalue spectrum in the complex plane for the four different
sets of parameters. The dashed black line indicates the imaginary axis. Comparing the eigenvalue spectrum of panel a with the one of
panel ¢, we see that the network undergoes a Hopf bifurcation.

https://doi.org/10.1371/journal.pcbi.1007122.9001

Numerical simulations of the network with adaptation show that for low connection
strength g, the network exhibits transient dynamics before it settles to a fixed point in which all
x; and g; are zero (Fig 1a and 1b). By analyzing the stability of this fixed point (see Methods),
we find that, in the N — oo limit, the critical value of g at which stability is lost depends on the
adaptation parameters via

V1= +28) + 27 + 261 2) for > Bu(y)
8..B) = , (3)

1+p for B<pu0)

where f,(7) = =1 — y + v/2y? + 2y + 1. Notice that g.(y, B)>1 for all , 8 > 0, i.e. adaptation
stabilizes the dynamics since in the case without adaptation we have g(0, 0) = 1 [1]. Interest-
ingly, the two different cases in Eq 3 correspond to two different bifurcation types: for § <
Bu(y) the eigenvalue spectrum is convex, exhibiting a rightmost eigenvalue (in the complex
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plane) which is real (Fig 1b and 1d, insets). In this regime the system undergoes a saddle-node
bifurcation at g = g.(7, B). In contrast, for § > fy(y) the eigenvalue spectrum is deformed such
that the eigenvalues with the largest real part are complex (Fig 1a and 1c). This indicates the
presence of a Hopf bifurcation at g = g(y, ) which is a consequence of the introduction of
adaptation (see Methods for details). Above the bifurcation, i.e. for g > g.(y, f), the network
exhibits self-sustained, irregular fluctuations (Fig 1c and 1d) that we will characterize in the
next section.

In all the simulations and numerical integrations, we choose ¢(x) as a piecewise-linear func-
tion given by

-1 for x< -1
Pp(x) =< x for —1l<x<1 (4)
1 for x>1

unless stated otherwise.

Resonant chaos in random networks with adaptation

The dynamics of the 2N-dimensional dynamical system in Eqs 1 and 2 for large N is too high-
dimensional to be studied at the microscopic level. In contrast, using dynamical mean-field
theory [1], we can find properties of the network dynamics that are independent of the specific
connectivity realization. In what follows, we will assume that the external input I;(f) to each
unit is an independent realization of the same stationary Gaussian process with zero mean.
Following [1], we approximate the network input to a representative unit i with a Gaussian
process 7, an approximation valid in the large-N limit [45, 46]. The mean-field equations read
(see Methods)

x(t) = —x(t) —a(t) +n(t) + 1(t) (5)

a(t) = —ya(t) + ypx(1), (6)

where 7(t) is a Gaussian process with zero mean and whose autocorrelation must be computed
self-consistently by imposing (see Methods)

n()n(s)) = &*(d(x(t))p(x(s)))- (7)

Due to the linearity of the mean-field equations, x(¢) is a zero-mean Gaussian process
which is fully characterized by its second-order statistics, i.e. the autocorrelation function in
time domain, or the power spectral density S, (power spectrum) in frequency domain, defined
as the Fourier transform of the autocorrelation S, (f) = [~ e " (x(t + t)x(t)) dt. By Fourier

o0

transforming Eqs (5) and (6), we find that the power spectrum is the solution of
$.(f) = G()(&*S, () + $i(£), (8)

where Sg(f) and Si(f) are the power spectra of ¢(x) and I respectively, defined analogously to
the one of x. Importantly, Sy)(f) is a functional of S,(f), which can be computed semi-analyti-
cally for simple nonlinearities such as the piecewise-linear function, Eq 4, as detailed in Meth-

ods, section “Effect of nonlinearities on second-order statistics”). The factor G(f) is the square
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modulus of the linear response function of an uncoupled single unit, and is given by
B 2 + o’
G(f) = 4 2 2 2 22
o'+ (1492 = 2By)w? +y2(1 + B)

©)

with w = 27f.

By solving iteratively the mean-field equation for the power spectrum (Eq 8) in the absence
of external input (see Methods, section “Iterative procedure to solve the mean-field theory” for
details), we find that if g < g.(y, B), the power spectrum converges to zero, S,(f) — 0, at all fre-
quencies. Therefore the mean-field variable x is constantly equal to zero. This is consistent
with the presence of a stable fixed point at zero and it indicates that, for large N, the fixed point
solution is the only possible one.

On the other hand, if g > g.(7, ), the mean-field network is characterized by a nonzero,
continuous power spectral density (Fig 2). This is an indication that, at the microscopic level,

: b

Fig 2. Self-consistent statistics in the chaotic regime. a: Resonant (narrow-band) chaos. Power spectral density obtained from mean-field theory
(solid line) and microscopic simulations (light blue, dashed) for y = 0.25, 8= 1 and g = 2g,(, B). The dashed, dark blue line indicates the square
modulus of the linear response function G(f ) for the same adaptation parameters. Inset: Normalized mean-field autocorrelation C,(z) for the same
parameters, plotted against the time lag in units of 7,. b: Non-resonant (broad-band) chaotic regime. Curves and inset are the same as in a, but with y =
1, f=0.1 and g = 2g(y, B). c: Maximum-power frequency f, of the recurrent network plotted against y, for different . Crosses depict results obtained
from microscopic simulations, circles show the semi-analytical prediction based on the iterative method and dashed lines shows the theory based on the
single neuron response function. For y = 0 all curves start at f, = 0. d: Power spectral density S,(f) for different levels of heterogeneity of the parameter 3
(solid lines), compared to the case without heterogeneity (dashed line). All the curves are almost superimposed, except at very low frequencies where
small deviations are visible (inset). Parameters: y = 0.25, f = 1, g = 2g.(y, B). e: Distributions P(x) of the activation x from microscopic simulation

(N =2000, solid lines) and theoretical prediction (dashed lines). The adaptation parameter were y = 0.25 and 8 = 1. f: Normalized power spectral

density S_(f) = S,(f)/ max;S, (f) (solid lines) at different iterations , for the network with adaptation. For the first iterations, the powers of
G(f) = G(f)/ maxfé(f ) (dashed lines), provide a good approximations of the power spectrum width. The initial power spectral density is a constant
and the network parameters are the same as in panel a.

https://doi.org/10.1371/journal.pchi.1007122.9002
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the network is in a chaotic state [47]. However, we stress that a more rigorous proof of chaos
would require the computation of the maximum Lyapunov exponent of the network, which
we will not perform. In contrast to a network without adaptation [1], we find that in the pres-
ence of adaptation the network can be in two qualitatively different chaotic regimes. For very
weak and/or fast adaptation, the chaotic fluctuations are qualitatively the same as for the net-
work without adaptation, i.e. the power spectrum is broad-band with maximum at f= 0 (Fig
2b). We refer to this regime as to the non-resonant regime. On the other hand, for strong and/
or slow adaptation, the mean-field network settles in a new regime, characterized by an auto-
correlation that decays to zero via damped oscillations and, equivalently, by a power spectrum
that exhibits a pronounced resonance band around a nonzero resonance frequency f, (Fig 2a).
The decaying autocorrelation function and the continuous power spectral density are an indi-
cation that the network is—also in this regime—in a state of microscopic chaos. This new
dynamical state, that we refer to as resonant chaos, is qualitatively different from the one of the
non-resonant regime and from the one of the non-adaptive network.

Strikingly, whether the network settles in the resonant or in the non-resonant regime can
be predicted purely based on the single-unit adaptation properties. More precisely, if f <
Bi(y), the function G(f) is monotonically decreasing with the frequency f, i.e. it exhibits a
low-pass characteristic (Fig 2b). This low-pass behavior of the single neuron is reflected by a
power spectrum of the network that is also dominated by low frequencies, albeit less broad.
The network power spectrum corresponds exactly to the non-resonant regime discussed
above.

In contrast, if 8 > Bx(y), the single neuron response amplitude G (f) exhibits a maximum at

a nonzero frequency f, = - \/ =12 4+ +/Py*(P + 2y + 2). Such a resonance peak is typical of a
band-pass filter (Fig 2a). The frequency f, is identical to f,, (Eq 28), which is derived from the
imaginary part of the critical eigenvalue at the Hopf bifurcation (see Methods, section “Fixed-
point stability”). The single-neuron linear response characteristics are qualitatively preserved
in the fluctuating activity of the recurrent network, which also exhibits a power spectral density
dominated by a nonzero frequency f,. This regime corresponds to the resonant regime dis-
cussed above. Interestingly, we find numerically that f, = f,, i.e. the resonance frequency is not
affected by the introduction of recurrent connections (Fig 2c, tested up to g = 5g.(7, ). We
notice that the non-resonant and resonant regimes are consistent with the fixed point stability
analysis of the network in the microscopic description. Indeed, the resonant and non-resonant
regimes match the regions in which we observe Hopf or saddle-node bifurcations, respectively
(see Methods).

Using simulations of the full microscopic network, we verify that the mean-field description
is a good approximation of the system for large but finite N. In Fig 2e we show that the proba-
bility density of the activation variable x measured from the microscopic simulations matches
the Gaussian distribution predicted by the mean-field theory, with relatively small finite-size

effects that increase close to the criticality (see Fig 2e, g=1.5¢.(y, §)). Moreover, the mean-field
solution provides a good description of the system for a wide range of adaptation parameters

7, B (Fig 2¢).

To summarize, single-neuron properties determine whether the network settles in a reso-
nant or non-resonant chaotic state through the factor G(f). This is a general property that is
also valid for more complex rate models. Indeed, for a single-neuron model with squared lin-
ear response function given by an arbitrary G(f), we have that the network power spectrum

S.(f) is the result of a nonlinear sharpening of G(f) (see Methods, section “Qualitative study of
the iterative map” for details). As a result, the network activity exhibits the same frequency
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bands that are preferred by single neurons, albeit much narrower. We will discuss more gen-
eral rate model in section “Network of multi-dimensional rate neurons”.

Network with heterogeneous adaptation. The narrow-band oscillations in networks of
adapting neurons reported so far have been obtained for networks of identical neurons. The
variability of physiological properties of real neurons, however, suggests that adaptation
parameters differ among neurons. Heterogeneity of neuronal parameters is known to sensi-
tively influence synchronization in networks of neural oscillators [48]. In particular, mis-
matches of oscillation frequencies can impede the formation of neural rhythms. Does
heterogeneity have a similar effect in strongly coupled random networks of adapting neurons?
To address this question, we introduce a second source of disorder in the system by consider-
ing quenched randomness in the adaptation parameters. Specifically, we construct the hetero-
geneous network by adding Gaussian noise to the parameter , i.e. by sampling 8§ ~ N(f, ;)
independently for each neuron. Numerical simulations of the network in the presence of het-
erogeneous adaptation show that the dynamics of the random network are surprisingly robust
to this type of noise (Fig 2d). Even for relatively high variability (s,/ B = 0.5), the only effect is
a barely visible increase of the power spectral density at low-frequencies (Fig 2d, inset). In
Methods, section “Mean-field theory with heterogeneous adaptation” we derive the mean-field
equations that correspond to the network with heterogeneous adaptation, and we compute the
effective factor G, (f) in this case. The semi-analytical solution of the mean-field theory for
heterogeneous adaptation predicts, similar to simulations, a stronger power at low frequencies
than in the homogeneous case. However, the deviations predicted by the theory are smaller
than the mismatch between theory and simulations for the homogeneous case, so that we
could not perform a quantitative verification of the mean-field theory for the heterogeneous
case.

Recurrent connectivity sharpens the single-neuron response properties. We have seen
that the power spectrum of the network activity in the presence of adaptation inherits the
properties of the single-neuron reponse function. However, the resonance band present in the
network power spectrum is much narrower than the one predicted by the linear response
function. Since the linear response function of a single unit is equivalent to the power spec-
trum of a network of unconnected units driven by white noise, we conclude that the sharpening
of the power spectrum is due to the recurrent connections. Such sharpening can be understood
by studying the evolution of the mean-field solution during the iterative procedure that leads
to the solution. In Methods, section “Qualitative study of the iterative map”, we derive the fol-
lowing first-order approximation of the power spectrum at iteration :

(8)"(f) = a,8"(G()", (10)

where a,, is a frequency-independent factor of proportionality. This approximation breaks
down for large n and hence does not allow for a self-consistent solution of the mean-field
theory corresponding to the limit # — co. However, Eq 10 is sufficient to explain the sharpen-
ing of the power spectrum. In Fig 2f we compare the evolution of the normalized network

power spectrum S, (f) = S,(f)/ max S, (f) over iterations with the theoretical prediction

S.(f) = (G(f))" according to Eq 10. We see that the theory predicts the width of the power
spectrum quite well for the first few iterations. The sharpening is clearly visible when compar-
ing the power spectrum at iteration 2 and 3 with the one at iteration 1, that is proportional to
the single-unit linear response function. As expected, the approximation breaks down after
more iterations, as the higher-order terms are necessary to reach a self-consistent solution (see
also Methods, section “Qualitative study of the iterative map”).
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We now focus on the resonant chaotic regime, that represents the novel dynamical state
that emerges from the introduction of adaptation and study the functional properties of the
network in this regime.

Adaptation increases the network correlation time

While the resonance frequency in the resonant regime seems to depend solely on the single-
neuron properties, the introduction of recurrent connections increases the coherence of the
stochastic oscillations, i.e. decreases the width of the resonance band. The narrower the reso-
nance band, the more coherent the oscillatory behavior will be. To quantify the increase of the

oscillation coherence, we measure the quality factor (Q-factor) of the stochastic oscillations,
defined as

_h
A

where f, is the frequency of maximum height of the power spectrum S, and Afyyy; is the fre-
quency width of the power spectrum S,(f) at the half-maximum. Intuitively, for a narrow-band
oscillation, the quality factor quantifies the number of oscillation cycles during the characteris-
tic decay time of the autocorrelation function. For a single neuron driven by white noise, the

Q (11)

single-neuron power spectrum of x is proportional to G(f). Compared to this reference shape,
we find a higher Q-factor in the recurrent network (Fig 3a), corresponding to a sharper reso-
nance peak in the power spectrum (see also Methods, section “Qualitative study of the iterative
map”). When approaching the criticality from the chaotic phase, g — g.(y, 8)", the quality fac-
tor diverges (Fig 3a), i.e. the dynamics approach regular oscillations.

While the Q-factor measures the decay time constant of the autocorrelation function rela-
tive to the mean oscillation period, it is also interesting to consider the absolute correlation
time of the activity. As a measure of correlation time of a stochastic process we use the normal-
ized first moment (center of mass) of the absolute value of the autocorrelation function (e.g.

a —_— 1 b ) — == Single-unit
1077 —8— Recurrent network
10 4
10° 4
Q Q
-~ +~
10% -
10" 4
04 ; ; : — 0 . - - . -
1.00 1.25 1.50 1.75 2.00 10! 102 103 10* 10°
_ -1
g/gc Ta — f)/

Fig 3. Correlation time and effect of recurrent connections. a: Correlation time (blue solid line) and Q-factor (dashed line) as a function of the
connectivity strength. The weakest connectivity level plotted is g = 1.01g.(y, ). Adaptation parameters: y = 0.1 and = 1. The dash-dotted horizontal
line indicates the Q-factor of a single unit with the same adaptation parameters, driven by white noise. b: Correlation time (blue) and Q-factor (black,
dash-dotted line) as a function of the adaptation timescale 7, := y*. Both the recurrent network (solid line) and the single unit driven by white noise
(dashed line) scale with 7,,. =1 and g = 1.5¢.(y, ).

https://doi.org/10.1371/journal.pcbi.1007122.9003
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Since the Q-factor diverges when g — g.(y, B), in this limit the corresponding autocorrela-
tion exhibits sustained oscillations with a diverging correlation time. Due to the increase of the
Q-factor, the correlation time also diverges when g — g.(y, f) (Fig 3a).

In the regime of slow adaptation, a single unit driven by white noise can have a larger corre-
lation time than a recurrent network (Fig 3b). This is due to the fact that in this regime the cor-
relation time of the single unit driven by white noise is dominated by the long tail of the
autocorrelation. The introduction of recurrent connections increases the oscillatory compo-
nent, giving a larger “weight” to the short time lags, thus decreasing ¢.. Nevertheless, the corre-
lation time increases with the timescale of adaptation 7, for both the single unit driven by
white noise and the recurrent network (Fig 3b). Note that the Q-factor goes to zero for very
large adaptation timescale (y — 0), so that the dominant contribution to the correlation time
in this regime is the non-oscillatory one.

Adaptation shapes signal transmission in the presence of internally-
generated noise

In order to go beyond the study of the spontaneous activity of the network, we consider its
response to an external oscillatory signal. While signal transmission in linear systems is fully
characterized by the frequency response function of the system and by the noise spectrum of
the output, the situation is different in the nonlinear neural network that we study here. Simi-
larly to previous approaches [4], we provide oscillatory input to each unit in the microscopic
network, randomizing the phase (Fig 4a)

I(t) = A, cos (2nfit + 0,), (13)

AOSC

= With Input =
—— Without Input

9> ge 107

1072

0.0 fr 02 0.4 0.6

S

Fig 4. Response of the mean-field network to an oscillatory input. a: Schematic representation of the random network driven by an external input,
with phase randomization. For g > g, the chaotic activity can be seen as internally-generated noise. b: Effect of an oscillatory external input on the
power spectral density S,(f). In the example, y = 0.25, 8= 1, g = 2¢(y, ), fr = 0.12, while A; = 0.5 (blue) and A; = 0 (gray). Simulations (solid blue) and
theory (dashed blue) are superimposed. ¢: Top: Schematic representation of the separation of the power spectral density into its oscillatory (A,s.) and
chaotic (Apyg) components. Note that these quantities depend on the size of the frequency discretization bin. Bottom: Graphical interpretation of Py,
i.e. the total variance of the network activity due to chaotic activity (shaded gray area).

https://doi.org/10.1371/journal.pcbi.1007122.9004
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where 0; ~ U(0, 27). The corresponding power spectral density of the input is given by

S,(f) = (A7/4) - (6(f — f;) + 6(f + f,)). Thanks to the phase randomization, the network still
reaches a stationary state and the mean (x(f)) remains at zero. Notice that even if in the case in
which the input is a perfect sinusoidal and therefore non-Gaussian, the mean-field equation
for the power spectrum (Eq 8) is still valid. However, since x is also not Gaussian anymore, in
order to find the mean-field solution we need to modify our iterative scheme by splitting the
activation variable x into its Gaussian and its oscillatory part [4].

The presence of the input affects the dynamics of the mean-field network, quantified by the
power spectral density (Fig 4b). If the input is given while the network is in the chaotic regime
(g > g.) sharp peaks at the driving frequency f; and multiples thereof are elicited by the exter-
nal input, standing out from a background power spectrum that is deformed compared to the
case without the external input. For f; > f,, as in the example, the bumps of the background
spectrum are slightly shifted toward larger values. The opposite happens if f; < f,. Notice that
both this shift and the shaping of the chaotic activity are nonlinear effects due to the recurrent
dynamics. As an additional nonlinear effect, the network activity also exhibits harmonics at
the driving frequency of the external input.

To characterize the response to the external stimulus, we split the power spectrum S,(f) into
an oscillatory component and a chaotic component that constitutes the background activity

$.(f) = Sulf) + Seicf)

oo (14)
Sbkg + Zbk(é(f - kfz) + 5(f+ kfz))a

k=1

where by are positive coefficients and we included the multiples of the driving frequency in
order to account for the harmonics. To solve the mean-field equations numerically, we have to
consider a finite frequency bin Af (in our numerical results, Af= 0.001). As a consequence, the
heights of the delta peaks in the power spectrum in Eq 14 are finite and depend on Af. First, we
will look at the transmission of the oscillatory signal near the driving frequency, i.e. how much
of the peak in the power spectrum S,(f) at f = f; is due to the oscillatory drive and how much is
due to the background activity. At the driving frequency f; we write (see Fig 4c)

Sx(f}) = Abkg + Aosc

SUi—A)+S.(F+4) b (15)
2 Y

i.e. we measure the contribution of chaotic activity to the power spectrum at the driving fre-
quency by interpolating the power spectrum at neighboring frequencies. The signal-to-noise
ratio (SNR) at the driving frequency f; is then given by

A
SNR(f,) = —==. (16)
bkg

=

Notice the size of the frequency bin Af scales the SNR, but since we are interested in the
dependency of the SNR on f; and not in its numerical value, this scaling factor can be
neglected. Finally, we have seen in the example in Fig 4b that the oscillatory input can suppress
background activity at frequencies far from f;. In order to quantify this chaos-suppression
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effect, we split the total variance of x into two contributions (Fig 4c)

Var(x) = / SugNf +25 b, =t Py + P (17)
—o0 k=1

Weak drive and signal transmission. If the oscillatory input is weak, chaos is not entirely
suppressed and acts as internally-generated noise on the transmission of the oscillatory input.
We now study how the network transmits this oscillatory input signal, and how the transmis-
sion quality depends on the signal frequency f;. It is known from linear response theory that
the transmission of weak signals through single homogeneous populations with strong (intrin-
sic or external) noise does not benefit from adaptation [35, 50]. This is because in the signal-
to-noise ratio (SNR) both the signal and the noise are affected in the same way [35]. We won-
dered whether in a strongly coupled, large random network, adaptation could have a different
effect on the oscillatory signal than on the noise, thereby re-shaping the SNR. A particularly
interesting question is how signals are transmitted in the presence of purely intrinsically-gen-
erated chaotic fluctuations that are shaped by adaptation and recurrent connectivity.

To understand why adaptation cannot shape the SNR in a weakly-coupled network, con-
sider our random network in the non-chaotic regime, with g < g, (Fig 5a). If we drive the
non-chaotic network with oscillatory input together with a noise source 7, the typical response
of one unit in the network can be approximated using the mean-field linear frequency
response function 7,(f), whose square modulus is given by (see Methods, section “Fixed point
stability in the mean-field network”)

BpE=— . 19
1-¢°G(f)
where we add the subscript j to stress that } ; depends on the adaptation parameters y and 3
(cf. Eq 2). If we indicate by S,(f) and S,,(f) the power spectral density of the oscillatory input
and of the external noise respectively, the power spectral density of the output (taken as the
network activity x) can be approximated by

$.(1) = 17,(NI*(S,(F) +8,()- (19)

This means that both the signal and the noise are shaped by the same factor |7,(f) |? that
characterizes the network (Fig 5a). The SNR of the output at the driving frequency, defined as
in Eq 16, is given by

Ao _ T (A2/4AF) a2

SNR(f,) :Abkg— |;Z,;(f,)|25ﬂ(ﬁ) A4S, (F)Af

(20)

i.e. the parameters of the network, reflected in the linear response function s, do not influence
the SNR (Fig 5a). Notice that we considered the activation variable x as our output. We verified
that considering instead the firing rate ¢(x) as the output yields qualitatively the same results,
therefore we will for simplicity continue our analysis for the output x. Eq 20 implies that the
SNR depends only on the power spectra of the signal and of the noise. For example, if we con-
sider low-frequency dominated noise, high-frequency signals will be transmitted more easily,
but once again the introduction of adaptation will not play any role (Fig 5a). While this argu-
ment is based on a linear response approximation, we verified using the DMFT solution that
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Fig 5. Adaptation shapes the SNR in the chaotic regime. a: For small g, a recurrent network driven by an oscillatory input and external noise can be
analyzed in the linear response theory framework. Top row: response of the network to oscillatory drive and independent white noise to each neuron.
Bottom row: response of the network to oscillatory drive and independent low-frequency noise to each neuron. For each row, from left to right, we plot
the power spectrum of the input noise, the background component of the power spectrum A ,, the oscillatory component of the power spectrum A
and the SNR as a function of the driving frequency. The hat over the symbols Ay and Ao indicates that, to highlight the network shaping, they are
normalized to have the same maximum height (equal to one). Notice that, since both signal and noise are shaped in the same way in the linear response
framework, the introduction of adaptation does not affect the SNR. b: For large g, the network is subject to internally generated noise and driven by
oscillatory input. We plot the same quantities as in panel a. Notice that, due to the nonlinearity of the network, signal and internally-generated noise are
shaped in different ways, with the signal being subject to a broader effective filter. As a consequence, the introduction of adaptation in the nonlinear
network shapes the SNR by favoring low frequencies. Parameters of the network with adaptation for all panels: y = 0.25, =1 g = 2g.(y, f) and A; = 0.5.

https://doi.org/10.1371/journal.pchi.1007122.g005

osc?

the linear approximation is quite accurate. Deviations are visible very close to the criticality,
but once again the SNR is almost entirely independent of the neuron parameters.

The findings are completely different for a network in the chaotic phase, i.e. g > g.. As dis-
cussed above, in this regime the network produces internal fluctuations whose power spectrum
depends on single neuron parameters (Fig 5b, see also section “Resonant chaos in random
networks with adaptation”). For clarity, let us assume that there is no external noise, such that
the noise is only internally generated by the network. In this case, the linear response theory
framework cannot be applied; in order to predict the effect of the network in shaping both the
input and the internally-generated noise, we need to solve the DMFT equations (Eq 8)
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iteratively. As in the previous section, the resulting power spectrum can be split into a chaotic
component and into an oscillatory component (see Eq 14). How does the introduction of
adaptation shape these two components? We have seen that in the presence of adaptation the
network can enter a state of resonant chaos that differs from the traditional chaos of a network
without adaptation because of the presence of a dominant frequency band centered at f; (Fig
5b, see also section “Resonant chaos in random networks with adaptation”). The state of reso-
nant chaos survives in the presence of weak input. As the driving frequency changes, the
amplitude of the transmitted signal A (f;) passes through a maximum at the resonance fre-
quency f, of the network; however, A, (f;) decreases with the distance from the resonance fre-
quency more slowly than the noise amplitude Apg(f;) does (Fig 5b). As a consequence, the
SNR is maximal at very slow driving frequencies, goes through a minimum at the resonance
frequency f, before it increases again (Fig 5b). In other words, resonant chaos acts as a notch
filter with respect to the transmission of weak signals.

The shaping of the SNR can be understood as follows: For weak signals, the noise
amplitude is Ay, (f,) ~ G(f,)Sf;’) (f;), where S\ (f;) is the spontaneous power spectrum
for I'=0. The factor S\ (f,) exhibits a maximum at the resonance frequency, and
therefore sharpens Apg(f;). The signal power that sticks out of the noise power is
A (f) = G(f){A2/(4Af) + [S,(fi) = S (f,)]} for a weak input signal, where the first term is
the direct influence of the signal on x(t) and the second term represents indirect contribu-
tions caused by recurent connections. If the direct effect dominates, the signal-to-noise ratio
is approximately SNR = A__(f;) /Ay, (fi) = A7/(4S{"(f;)Af). Importantly, even though the
expression for the SNR looks formally similar to Eq (20) for the case of external noise, the
effect of single neuron dynamics is markedly different: As shown above, the power spectrum
S\(f) of internally generated noise depends on the single neuron filter G(f), whereas the
corresponding power spectrum of external noise in Eq (20) is, by definition, independent of
single neuron dynamics. Thus, in the case of internally generated fluctuations, single neuron
dynamics strongly affects the SNR through network-enhanced noise shaping. We conclude
that in the chaotic regime adaptation improves the SNR at low frequencies, whereas in
weakly-coupled, non-chaotic networks such an improvement cannot be observed, indepen-
dently of the choice of the adaptation parameters y, . If the strength of the input is
increased, the interaction between noise and signal becomes stronger, leading to a deforma-
tion of the SNR (Fig 6a). However, even for strong drive we observe a peak of the SNR at fre-
quencies that are lower than the resonance one.

Strong drive and chaos suppression. In the presence of strong input, chaos suppression
together with the formation of a sharp peak are indications that at the microscopic level the
network is driven towards a limit cycle. Similarly to [4], we now study how chaos suppression
depends on the driving frequency f;. By solving the DMFT equations (Eq 8) in the presence of
external input, we find that both P, and Py exhibit a non-monotonic dependence on f;
(Fig 6b). Ao depends smoothly on fj, reaching its largest value around f,. On the other hand,
A haos 18 zero for input frequencies that are close to f, indicating that the network is driven
into a limit cycle. While a network without adaptation also exhibits such a non-monotonic
dependence [4], in our case this effect is more pronounced due to the resonant power spec-
trum of the spontaneous activity in the presence of adaptation.

Network of multi-dimensional rate neurons

We have seen how adaptation, by changing the response function of singe neurons, shapes the
chaotic dynamics of a recurrent network and consequently the signal-transmission properties
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Fig 6. Effect of a strong oscillatory input. a: SNR at the driving frequency f; as a function of the driving frequency, for different values of the signal
amplitude A;. As A; increases, nonlinear interaction between signal and noise become stronger, leading to a qualitative change in the SNR profile. b:
Total power of the chaotic (black dashed) and oscillatory (light blue) components of the power spectrum, in the case of strong input (A; = 1.5). For both
panels, y = 0.25, f = 1.0, and g = 2g.(y, ).

https://doi.org/10.1371/journal.pcbi.1007122.9006

of the network. In biology, several other mechanisms could contribute to the response proper-
ties of neurons, such as synaptic filtering, facilitation or the presence of dendritic compart-
ments [28-40]. We account for multiple of such mechanisms by considering a general D-

dimensional linear-nonlinear rate model. The first variable x] is an activation variable that
1

defines the output rate y via a nonlinear function ¢, i.e. y,(t) = ¢(x!(t)), as in the adaptation

case. The remaining D - 1 variables are auxiliary variables. We assume that the rate ¢(x; (t)) is

the only signal that unit j uses to communicate with other units. Conversely, the signals com-
ing from other units only influence the variable x/, i.e. the rate of unit j is directly coupled only
to the first variable of unit i. The choice of having the same variable sending and receiving sig-
nals is dictated by simplicity and is not necessary for the development of the theory. Unit i
receives input from all the other units, via a set of random connections Jij» sampled i.i.d. from a
Gaussian distribution with mean zero and variance g*/N. The resulting network equations are

(t) = ZA“ﬁxf(f) e (Z]ij(p(x}(t)) + I,.(t)>

p=1

(21)
J; ~N(0,8*/N)

where 6 is the Kronecker delta symbol. Subscripts (in Latin letters) indicate the index of the
unit in the network and run from 1 to N, while superscripts (in Greek letters) indicate the
index of the variable in the rate model and run from 1 to D. The matrix A is assumed to be
non-singular and to have eigenvalues with negative real parts.

By generalizing the mean-field theory to the case of the D-dimensional rate model (see
Methods, section “Mean-field theory”), we obtain the analogous of the self-consistent equation
for the power spectrum (Eq 8) for the general case

$.(f) = G() (S () + 8,()), (22)
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where S(f) is the power spectrum of ¢(x'), i.e. the mean-field firing rate. As in the case of
adaptation, G(f) is the squared modulus of the linear response function of single neurons in
the frequency domain (see Methods).

By solving the mean-field theory, we find that, similarly to the case of adaptation, for small
coupling the power spectrum converges to zero for all frequencies. The critical value of the
coupling g is defined implicitly by (see Methods, section “Fixed point stability in the mean-
field network™)

g maxG(f) = 1. (23)

On the other hand, for g > g, we find that the network, also in this more general case, exhib-
its fluctuating activity, whose power spectrum results from a sharpening of the single-neuron
linear response function G(f). In Methods, section “Qualitative study of the iterative map” we
show how this property can be understood from the mean-field equations and we provide two
examples of network power spectra for higher-dimensional rate models.

Discussion

We studied how the dynamics of a random network of rate neurons are shaped by the proper-
ties of single neurons, and in particular by the presence of history-dependent mechanisms
such as adaptation. To this end, we generalized DMFT, a well-established theoretical tool [1],
to the case of multi-dimensional rate units. This allowed us to reduce the high-dimensional,
deterministic network model to a low dimensional system of stochastic differential equations.
Standard approaches to solving the mean-field equations [1] were not fruitful in the multi-
dimensional setting. However, the mean-field solution could be found efficiently in a semi-
analytical way using an iterative approach. The iterative approach highlights how recurrent
connections sharpen the response function of single neurons, i.e. how bands of preferred fre-
quencies become narrower (see also Methods, section “Qualitative study of the iterative map”).
Previous studies that considered the role of single neuron properties on random network
dynamics focused only on the role of the gain function [2, 14]. To our knowledge, this is the
first result that relates the single neuron frequency response function to the spectral properties
of random network dynamics.

We studied in detail the important case of neuronal adaptation, using a two-dimensional
rate model. We showed that adaptation extends the stability region of a recurrent network of
rate units because the transition from a stable fixed point to a fluctuating regime happens at
g=g.> 1, 1i.e. for higher coupling strength than for the network without adaptation. Crucially,
above the criticality and for slow adaptation, the dynamics settle in a state of “resonant chaos”
that, unlike the chaotic activity of networks of rate units without adaptation, is dominated by a
nonzero resonance frequency. We observed that the resonance frequency can be computed
from the single unit properties and it is therefore independent of the connection strength g.
On the other hand, the presence of recurrent connections increases the coherence of the oscil-
lations and therefore influences the correlation time. The oscillation coherence is maximal at
the onset of chaos and decreases with g, for g > g.(7, B). Indeed, as it is typical of critical behav-
ior, the correlation time in the chaotic phase diverges when approaching the criticality. In the
presence of adaptation, this happens because the system approaches a limit cycle.

It is interesting to observe that for slow adaptation there are two separate contributions to
the correlation time of the network activity: an oscillatory component, related to the resonance
frequency, and a long tail that scales with the adaptation timescale. For finite 7, the correlation
time diverges when g — g, due to the oscillatory component. For 7, — oo, the correlation time
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also diverges, but this is due to the long tail, since both the resonance frequency and the Q-fac-
tor go to zero for large 7, yielding a finite and therefore sub-dominant contribution to the cor-
relation time. Such multi-scale structure of the autocorrelation could be advantageous for
network computations that require expressive dynamics over multiple timescales, as it is often
the case in motor control. Indeed, adaptation has been proposed to play a role in sequential
memory retrieval [51], slow activity propagation [52], perceptual bistability [53] and decision
making [54]. Moreover, SFA has beneficial consequences both for reservoir computing
approaches [10] and for spiking neuron-based machine learning architectures [55]. Further
work could explore the relation between long correlation time induced by adaptation and
computational properties.

We found that, when a network in the resonant chaotic state is driven by an oscillatory
input, chaos is more easily suppressed when the driving frequency is close to the resonance fre-
quency. In the presence of weak input, in contrast, chaos is not fully suppressed. Interestingly,
we found that in the chaotic regime the presence of adaptation shapes the SNR in frequency
space. In particular, adaptation increases the SNR for low-frequency signals, a possibly impor-
tant feature since behaviorally relevant stimuli can have information encoded in slow signal
components [56]. Crucially, this effect is not present in the sub-critical regime (g < g.), since
signal and external noise are shaped together [35]. It is known that the properties of biological
neurons, including adaptation parameters, can be dynamically adjusted using neuromodula-
tors [57, 58]. In view of our results, this would allow to dynamically shape the SNR depending
on the requirements imposed by the behavioral context.

While our theory is applicable to single units with D interacting variables, the effect of a sin-
gle adaptation variable (D = 2) on the dynamics of random recurrent networks was also stud-
ied independently and simultaneously by another group [59], who reached results consistent
with ours [60]. The authors of [59] used a slightly different network architecture and did not
focus on the relation between single neuron response and spectral properties, but rather on the
correlation time of the network activity and on the effect of white noise input. One major dif-
ference is the conclusion reached regarding correlation time: by using a different definition, in
[59] the authors conclude that the correlation time does not scale with the adaptation timescale.
Based on our analysis, we infer that the definition of correlation time used in [59] captures
only the oscillatory contribution to the correlation time, and not its long tail.

Current mean-field theories for spiking neural networks [61] are self-consistent only with
respect to mean activities (firing rates), whereas second-order statistics such as autocorrelation
function or power spectral density of inputs and outputs are inconsistent [62]. While iterative
numerical procedures are available [62-64], a self-consistent analytical calculation of the auto-
correlation (or power spectrum) via DMFT for networks of spiking neurons is known to be a
hard theoretical problem. In the present manuscript, the rate-based modeling framework
allowed us to put forward explicit expressions for the map of autocorrelations. For a general
nonlinearity ¢(x), this map takes the form of an infinite series (according to Eq 37 in Methods,
section “Qualitative study of the iterative map”). However, for polynomial nonlinearities the
series simplifies to a finite sum, e.g. Eq 43 in Methods, section “Effect of nonlinearities on sec-
ond-order statistics”, which permits a closed-form analytical expression for the iterative map.
Therefore, our study offers a unique method for the calculation of the autocorrelation in bio-
logically constrained random neural networks, and thus represents a promising step towards a
self-consistent mean-field theory beyond first-order rate models [1, 2].

Random network models are widely used to model different biologically-relevant systems,
such as metabolic networks [65], protein regulatory networks [66-68] or in the study of epi-
demic outbreaks [69]. In all the above examples, the collective dynamics result from the inter-
play between network connectivity and the dynamics of single units.
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Extensions and generalizations

We see four extensions to the work presented in the present manuscript. First, our study is
limited to rate neurons while it would be interesting to extend the analysis to spiking neuron
models. As a first step in this direction, previous work has already investigated the introduc-
tion of white noise in random rate networks [2, 47, 59], which would be straightforward to
include in the case of D-dimensional rate units. Second, our framework can readily be
extended to multiple adaptation variables (see Methods, section “Qualitative study of the itera-
tive map” for two examples). This is a key feature in order to account for realistic SFA, which
is known to have multiple timescales and it has been shown to have power-law structure [16-
18, 41]. Interestingly, our framework can be extended to power-law adaptation, since we
require only the knowledge of the linear frequency-response function of the single neurons.
We expect that in this situation the internal noise generated by the network will also have a
power-law profile of the type f*, with & > 0. With such a noise spectrum, the signal that maxi-
mizes information transmission should be dominated by low-frequencies in a power-law fash-
ion [18, 70]. Third, the introduction of additional structure in the connectivity, such as low-
rank perturbations [12], attractor structure [71], or large scale connectivity of the brain [20],
could give rise to interesting dynamics when combined with single units with multiple adapta-
tion variables. In particular, the state of resonant chaos may also arise from an interaction of
excitatory and inhibitory spiking neurons in networks with partially random, and partially
structured connections. Finally, while our study focused on neural networks, random network
models are used in other areas of biology and physics [72]. By extending mean-field theory
techniques to more complex node dynamics, our approach also contributes to understanding
the interaction between node dynamics and network structure in more general settings. We
hypothesize that our approach can be used in the future to provide and understanding the var-
iability of single-neuron activity across trials in the presence of one or several peaks in the
power spectrum at gamma and theta frequencies.

Methods

In most of the following sections, we first present the derivations for the general D-dimen-
sional model presented in section “Network of multi-dimensional rate neurons”, and then
apply the result to the case of adaptation.

Fixed-point stability

General theory. The system of N - D coupled nonlinear differential equations (Eq 21)

becomes intractable for large N. However, because ¢(0) = 0, the system has a fixed point at the

origin {x* = 0}?:""}5, the stability of which can be studied owing to the clustered structure of

the system. The Jacobian at the fixed point is given by

AL, +¢'(0)] A", ... A",
AT, A”I, ... AL,

B = , (24)
AP, APT, ... APPL,

where J is the random connectivity matrix and Iy is the N-dimensional identity matrix. The
matrix B is of size ND x ND and it therefore has ND eigenvalues. Since all the blocks of B com-
mute with each other, we can apply the result of [73] to find a relation between the eigenvalues

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 18/35


https://doi.org/10.1371/journal.pcbi.1007122

O PLOS

COMPUTATIONAL

BIOLOGY

Single neuron properties shape chaos and signal transmission in random networks

ofJ, Aand B

D i
=l h) )
925 (O) Hj:l (7"3 - WA*)

where A™ is the matrix obtained by removing the first column and the first row from the
matrix A. This expression is valid for all the eigenvalues of B that are not coincident with those
of A™. Eq 25 can be transformed into a polynomial equation of degree D in A3, so that for every
value of ; we obtain D eigenvalues of B, as expected. From now on we will assume that, with-
out loss of generality, ¢'(0) = 1.

In the N — oo limit, the eigenvalues A; are known to be uniformly distributed on a disk in
the complex plane, centered at zero and of radius g [74]. If one can invert Eq 25, it becomes
computationally fast to compute the eigenvalues of the Jacobian in the N — oo limit without
finite-size effects. Whether one can obtain an explicit inverse formula depends on the

dimensionality and on the entries of the matrix A.
Network with adaptation. For the two-dimensional model defined by Eqs 1 and 2, we
can invert Eq 25, and obtain an expression for the eigenvalues of the Jacobian

ng)—;(—1—y+xﬁt¢oq—1+yf—4ﬁﬁ. (26)

Using the mapping between the eigenvalues of the connectivity matrix ] and those of the
Jacobian matrix B (Eq 26), we find the critical value of g for which the stability of the fixed
point is lost

V1-70+28) + 27 + 26 +2), B> ()
1+8, B < Bu(y)

where ,(y) = —1 — 7 + v/29? + 2y + 1. The critical value g, can also be calculated from
dynamical mean-field theory (see Methods, section “Fixed point stability in the mean-field
network”).

The bifurcation that characterizes the loss of stability depends on two parameters, viz. the
ratio of timescales ¥ and the strength of the adaptation . To further characterize the bifurca-
tion at g = g(y, B), we can study the imaginary part of the critical eigenvalue, i.e. the one with
real part equal to zero at g = g.(y, f). If the adaptation strength S has a value B < fy(y), then
the imaginary part of the critical eigenvalue is equal to zero corresponding to a saddle-node
bifurcation at g = g.(y, ). On the other hand, if # > By(y), then the critical eigenvalue is a pair
of complex-conjugate, purely imaginary eigenvalues, a signature of a Hopf bifurcation. There-
fore, we introduce the curve f§ = (), which separates the positive quadrant of the y — 3 plane
in two regions: one in which the system becomes unstable at the critical value g.(y, B) via a sad-
dle-node bifurcation, and another one in which the instability occurs via a Hopf bifurcation
(Fig 7a). In the Hopf-bifurcation region, the imaginary part of the critical eigenvalues can be
computed analytically:

Im(hy) =/~ + VEAB + 27 1 2) = 2nf,, (28)

&0, B) = (27)

The parameter f,, is the frequency of low-amplitude oscillations close to the bifurcation, if
N < o0. In the finite-N case, we find numerically that these low-amplitude oscillations are sta-
ble. When N — oo, however, we find that chaotic dynamics onset right above the bifurcation

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 19/35


https://doi.org/10.1371/journal.pcbi.1007122

O PLOS

COMPUTATIONAL

BIOLOGY Single neuron properties shape chaos and signal transmission in random networks
c L 121 I b 0.05 I
> | & |
1.0 I T 0.00 T
2.0 2.0
22 0.30
L5 20 1.5 0.25
1.8 0.20
Q1.0 A 1.6 & Q1.0 015;,\‘5
1.4 0.10
0.5 1 0.5
1.2 0.05
0.0 T 1.0 0.0 = 0.00
1.5 1.00 1 2 0.25 0.000 1 2
Je Yy fm Y

Fig 7. Stability of the fixed point and local properties. a: Critical value of the coupling g, (color code, right) for different adaptation parameters y
(horizontal axis) and 8 (vertical axis). The curve By(y) (solid black line) separates the regions of the y — j plane in which for increasing g we encounter a
Hopf bifurcation (above B(y)) or a saddle-node bifurcation (below S(y)). Cross and filled circle: parameters used in Fig 1. Left inset: dependence of g,
on S for fixed y = 0.9. Top inset: dependence of g, on y for fixed = S (y = 0.9). Blue line: Hopf bifurcation; red line: saddle-node bifurcation. b:
Resonance frequency f,,, for different adaptation parameters y, 5. Notice that in the non-resonant region the resonance frequency is not defined. Left
inset: square-root increase of f,,, as a function of § for fixed y = 0.9. Top inset: non-monotonic behavior of f,, as a function of , for fixed = S (y = 0.9).

https://doi.org/10.1371/journal.pcbi.1007122.g007

(see section “Resonant chaos in random networks with adaptation”). The frequency f,, is
monotonic in S but non-monotonic in ¥ (Fig 7b), indicating that a slower adaptation variable
(smaller ) does not necessarily correspond to slower oscillations. When considering codimen-
sion-two bifurcations, we have that for g = g, and § = () the system undergoes a Bogdanov-
Takens bifurcation.

Mean-field theory

General theory. The dynamics of the ND-dimensional dynamical system in Eq 21 for
large N is too high-dimensional to be studied at the microscopic level. In contrast, using
dynamical mean-field theory [1], we can find properties of the network dynamics that are
independent of the specific connectivity realization. In what follows, we will assume that the
external input I;(t) to each unit is an independent realization of the same Gaussian process.
Following [1], we approximate the network input to a representative unit i with a Gaussian
process 17 and substitute the average over time, initial conditions and network realizations with
the average over realizations of 77. This approximation is valid in the large-N limit, in which
neurons become independent [45, 46]. In the mean-field description, the activity of each indi-
vidual unit in the network follows a realization of the following system of D stochastic differen-
tial equations, to which we refer to as mean-field equations (see Methods, section “Mean-field
theory derivation” for more details)

a(t) = ATA(t) + 6 (n(t) +1(2), (29)
p=1

where 7(¢) is a Gaussian process. The mean (77(¢)) vanishes, because the averaging over the
Gaussian process statistics mimics the average over different neurons and network realiza-
tions, and the connections J; in Eq 21 are sampled from a Gaussian distribution with mean
zero. Thanks to the fact that neurons become independent in the large-N limit [1], the average
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of the network input over network realizations is also zero (see Methods, section “Mean-
field theory derivation” for more details). On the other hand, the autocorrelation function
(n()n(s)) needs to be determined self-consistently by imposing (cf. Methods, section “Mean-
field theory derivation”)

(n()n(s)) = g {d(x' (1) d(x'(5)))- (30)

Thanks to the mean-field approximations, we reduced the ND-dimensional, deterministic,
nonlinear system of Eq 21 to the D-dimensional, stochastic system of Eq 29, which looks linear
at first glance. However, the nonlinearity is important and is hidden in the self-consistent
match of the second moment, as expressed by Eq 30. The linear mathematical structure of Eq
29 allows us to write, in the frequency domain

2(f) = 2O @) +1(f)), (31)

where J,(f) is the linear response function (susceptibility) of the mean-field system (Eq 29),
which is equal to the linear response function of an uncoupled single neuron in the micro-
scopic description. For the linear dynamics given by Eq 29, the linear response function 7 (f)
is given by

7o(f) = [(2mif1, — A) ], (32)

where Ip, is the D-dimensional identity matrix and the upper indices 1,1 indicate the first ele-
ment of the first row of the matrix inside the square brackets.

In what follows, we assume that the external input I(¢) is stationary and zero-mean, and
that the network is in the stationary regime. Therefore, the mean of all variables is equal to
zero. The second-order statistics must be determined self-consistently. In the frequency
domain, this requires a self-consistent determination of the power spectral density (“power
spectrum” for short) S,(f) of the activation variable x, defined as the Fourier transform of the
autocorrelation function, S,(f) = [~ e 2" (x'(t + t)x'(t)) d. Using the squared modulus of

the linear response function G(f) = |7,(f)|’, the power spectrum can be expressed as
$.(f) = G(H)(S,() +S,(f)), (33)

where S,(f) and Si(f) denote the power spectral densities of 7(f) and I(#), respectively. Impor-
tantly, from Eq 30 we have that S,(f) depends implicitly on S,(f) through the self-consistency
condition

Sn (f) = gZS@(xl)(f)' (34)
The factor G(f) can be expressed as a function of the matrix A as

o lladj(2mif1, — AP
G(f) = :
U= o — 2T

where adj(27ifl, — A) is the adjoint matrix of (27iflp — A) and 7»; are the eigenvalues of A. In
Methods, section “Fixed point stability in the mean-field network”, we show that knowing the

, (35)

maximum of G(f) is sufficient to compute the critical value of the coupling g.:

g maxG(f) = 1. (36)
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Iterative procedure to solve the mean-field theory

The traditional approach in the DMFT literature is to consider the time-domain version of Eq
22 [1]. Applying the inverse Fourier transform to Eq 22 would lead to a differential equation of
order 2D. Unfortunately, by contrast with the case D = 1, for the multi-dimensional case D > 1
the dynamics is no longer conservative, which precludes the determination of the initial condi-
tions (see [1]). We propose an alternative approach to find a self-consistent solution to Eq 22
in the Fourier domain. This approach is based on an iterative map, the fixed point of which is
the self-consistent solution. Iterative methods have been proposed previously both in the con-
text of spiking [62, 64] and rate-based networks [75] using Monte-Carlo methods. Here, we
use a semi-analytical iteration method that allows to rapidly solve for the self-consistent power
spectrum, and hence to qualitatively understand several features of the network dynamics.

In the frequency domain, the linear transform associated with G(f) is simple, whereas the
nonlinearity ¢(x) is difficult to handle. Concretely, we need to express Sy as a functional of
Sx(f). This calculation can be performed semi-analytically for the piecewise-linear nonlinearity
(a detailed treatment of the nonlinear step is given in Methods, section “Effect of nonlinearities
on second-order statistic”). The idea of our iterative method is to start with an arbitrary initial
power spectral density ngll) (f), which we choose to be constant (white noise). We then apply
multiple iterations each consisting of a linear step followed by a nonlinear one (Fig 2f). At
each iteration, the linear step is simply a multiplication by g°G(f) and it allows us to compute

(S l)(f). The nonlinear step afterwards transforms (Sx)(”“)(f) into S;:E;l)) ).
By studying the iterative map that defines the mean-field solution, we conclude that the

power spectrum of the network activity emerges from a sharpening of the linear response
function G(f) of single units. The sharpening mainly arises from repeated multiplications with
the factor g°G(f) in the iteration, which however is balanced by cross-frequency interactions
and saturation effects of the nonlinear steps (see Methods, section “Qualitative study of the
iterative map” for a detailed discussion). As a result, the network activity exhibits the same fre-
quency bands that are preferred by single neurons, albeit much narrower.

Qualitative study of the iterative map

For a qualitative understanding of the effect of the iterations on the power spectral density, we
exploit the fact that x" is a Gaussian process, for which the following formula holds [76]

Can) =3 ((550)) cuto 7

where the angular brackets indicate the mean over the statistics of x'. Eq 37 gives the effect of a
nonlinearity ¢ on a the autocorrelation of a Gaussian process x'. By truncating the series after
the first term, we get

Coie (1) = ({¢' (")) Caa (). (38)

Fourier transforming this equation we get an approximation of the power spectral density

of ¢(x1)
S )= [ 5.9 ). (39)

where we we introduced the function W, ([*._S,(f")df") = ((¢/ (x")))” to highlight the fact
that the coefficient that multiplies S,(f) depends on the area under the power spectral density,
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i.e. on the variance of x', and is therefore nonlocal in frequency space. We stress that retaining
only the first term in Eq 37 is different than considering a linear approximation of ¢, since the
dependence of the coefficient on the variance would not appear in that case.

Using this approximation, we can express the power spectral density at the n™ iteration of

the iterative method, as a function of the initial power spectral density Sg?(ll)(f ) from which we

started to iterate. We obtain
n—1
()" () = Q_[‘P(f)) (82G())"Sin, (), (40)
=1

where W\" == ¥, ([~ (S)™(f)df"). If we take Sff(ll) (f) to be constant and we define

a, = ( 2;11 P, we can rewrite the above expression as
(8" () = a,(g°G()" (41)

If g > g., there will be a range of frequencies for which g>G(f) > 1, which implies that its
n'™ power diverges when n grows. In a purely linear network, this phenomenon would lead
to a blow-up of the power spectral density, in agreement with the fact that activity in a linear
network is unbounded for g > g. If ¢ is a compressive nonlinearity however, the coefficient
a,, will tend to zero for growing #, counterbalancing the unbounded growth of (g°G(f))".
Based on Eq 41, we would predict that all the modes for which G(f) > 1/g* will get ampli-
fied over multiple iterations, while all the other modes will get suppressed. While this is a
highly simplified description, the suppression and the amplification of modes is clearly visi-
ble when observing the evolution of the power spectrum over iterations (Fig 2f) and when
comparing the dynamics of the self-consistent solution (Fig 8c and 8f, parameters in
Table 1) to the corresponding linear response function (Fig 8b and 8e, parameters in
Table 1). When truncating the series after the first order however, the mean-field network
does not admit a self-consistent solution, for which we need to retain also higher order
terms. Such terms will balance the progressive sharpening of the power spectrum, allowing
for a self-consistent solution.

As an example of higher-order term, consider the next term in the series in Eq 37, given by

1 9 FT

5 (&) (Ca (D))=
(42)

ooy, ( / : Sx(f’)df/> (S, #8)(f)

where ¥, is defined analogously to '¥;. In general, higher-order terms will contain convolu-
tions of the power spectral density with itself, which are responsible for the creation of higher
harmonics. To qualitatively understand this effect, consider the case in which S,(f) is a Dirac
o-function with support in f;. In this case, the two-fold convolution of S,(f) with itself is again
equal to a Dirac 8-function, but centered in 2f;. A similar argument can be given for resonant
power spectral densities, which implies that a self-consistent solution should exhibit harmonics
of the fundamental resonance frequency. Note that in this paper we considered odd functions,
for which only odd terms in the series are nonzero.

For higher values of g, the relative importance of higher-order terms in the series in Eq 37
will increase, leading to a broader power spectrum. The self-consistent power spectrum how-
ever, seems to be always narrower than the single neuron linear response function. For a possi-
ble explanation of this phenomenon, we consider the g — oo limit, which was already studied
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a d

Fig 8. Two examples of multi-dimensional rate models. Parameters defining both models can be found in Table 1. a-b-c: Analysis of a three-
dimensional rate model. Eigenvalue spectra (a) corresponding to the coupling values g; = 1.28, g> = 1.4 and g5 = 2. The dashed line indicates the
imaginary axis. In b we plot the linear response function of the single unit G(f) (solid line), and the instability threshold corresponding to the three
coupling values g, g, and g5 (dashed lines). In ¢ we plot the solution of the mean field theory obtained with the iterative method for the three values of g,
g1 =15, =2and g5 = 3. d-e-f: Same as a,b,c, but for a four-dimensional rate model.

https://doi.org/10.1371/journal.pcbi.1007122.g008

Table 1. Parameters of the models in Fig 8. Matrix A defining the rate model for the different examples in Fig 8.

Fig 8a, 8b and 8¢ Fig 8d, 8e and 8f

-1 -1 -1 -1 -1 -1 -1

01 01 17 1 -05 -0.65 —0.6

01 —-04 05 1 035 -0.05 -0.57
1 035 028 —0.005

https://doi.org/10.1371/journal.pcbi.1007122.t001
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in [46] for the network without adaptation. Using the same technique, we conclude that in this
limit the autocorrelation decay tends to be the same as one obtained for a single unit driven by
white noise [46]. In the frequency domain, this is equivalent to say that the power spectral den-
sity of the network tends to the one of a single unit driven by white noise.

Effect of nonlinearities on second-order statistics

In this section, we provide some additional details on how to compute the effect of nonlineari-
ties on the second order statistics (autocorrelation or power spectral density) of a Gaussian
process. We consider three cases of interest: polynomials, piecewise linear functions and arbi-
trary nonlinear functions. To simplify our notation, we drop the superscript of and consider a
generic Gaussian process x.

The effect of polynomial nonlinearities can be expressed in closed form in time domain.
This can be seen by considering again the infinite series expression (Eq 37), valid for stationary
Gaussian processes x

Cnt =3 ((52)) cro (@3

n=0

where the angular brackets indicate the average over the statistics of x. In the case in which ¢ is
a polynomial of degree p, only the terms in the sum up to p are nonzero. As an example, we
can compute the effect of a cubic approximation of the hyperbolic tangent, i.e.

3

Bx) = 6y(x) = x—2

Co(8) = (14 C(0) ~ 2,(0),(2) +3 (o) (a4)
As expected, the effect of the nonlinearity depends on C,(0) i.e. on the variance of x itself.
Notice that the coefficient of the first term is compressive (i.e. smaller than one) only if C,(0) is
smaller than one itself. This type of behavior is expected since ¢; is unbounded.
Another interesting case are piecewise linear nonlinearities. In this case, we use Price’s the-
orem twice to get

= C 1), (45)

For a piecewise linear ¢, the second derivative ¢’ is a sum of Dirac’s delta functions with
variable coefficients. More precisely, we consider

Gp(x) = O(x;, —x)cyx

P-1 (46)
+ Z@(x —x,)0(x,,, — x)c,x, + O(x — x,)cpx,
p=1

where x, are the points in which the first derivative is discontinuous, c, are some arbitrary
coefficients and ©(-) is the Heaviside function. The second derivative of ¢p; is given by

P

¢:L(x) = Z(Cp - Cp—l)é(‘x - xp)' (47)

p=1
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The delta functions allow us to compute the correlation function C o (t) explicitly

c,—C c,—¢C

C., ( ) _ - (p p—l)( P p’—l)
" 21C,(0)y/1 - p*(0)

pp'=1

- e""( 2c+: <><_ i ><t>>ﬂ)

where we defined p(t) = % Inserting Eq 48 in Eq 45 and integrating twice with respect to
C,(t) we get

Conin(®) = f5(0;C(0)) + £, (0; C(0))C.(1)

/C () / p 1 Cp 1) 8
0 27C,( 1 —

2 2
X +x,—25xx,
x exp|-———7" Rl dodd’ .

2C.(0) ( - C—(U))

Py 1 (49)

In the case in which ¢ is an odd function, the term f4(0; C,(0)) is equal to zero. For the spe-

cific case of the piecewise linear approximation of the hyperbolic tangent considered in this
paper, i.e.

-1 for x< -1
Gp(x) =< x for —1<x<1, (50)

1 for x>1

the expression in Eq 49 reduces to

1 2 RGN 1
Copnio (1) = Exf’ <>c<t>+ | =
PpL® x C (0 %

2C,(0) nC.(0)Jy Jo J1_ i

! ) sinh S dodo’.

X exp — ;
c.0)(1- & c0)(1- &)

For the piecewise linear function, an alternative approach is based on the infinite series in
Eq 37, which yields [77, 78]:

ot =3[ (2) - (2)] 22 -

with input variance ¢* = C,(0) and cumulative Gaussian distribution function
Fx) =" e"/? dy. For the figures in this paper, we used the map in Eq 51.

For an arbitrary nonlinear function, we can use two methods. The first method is a semi-
analytical approach that relies on the integral form of the autocorrelation of the rate Cy(,(7) as
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a functional of the autocorrelation C,(7) of x [45]

Cyn() = / / ¢< cx(o)gfgggw G() z)qb(\/CX(O)z)DxDz, (53)

C.(0)

where —=. Notice that a slightly different version of this formula was already proposed in [1].
Therefore, to obtain the effect of ¢ on the power spectral density, one should 1) inverse Fourier
transform S,(f) to get C,(7) 2) apply Eq 53, by computing the two integrals numerically 3) Fou-
rier transform Cg(,(T) to get Sy (f). Practically, this procedure requires the application of the
fast Fourier transform algorithm and the numerical evaluation of two integrals.

The second method is fully numerical and it can be useful in cases in which the integrals in
the first method are expensive to evaluate numerically. This method consists in approximating
the power spectral density Sg(.) via Monte Carlo sampling. More precisely, we sample multiple
realizations in frequency domain of the Gaussian process with zero mean and power spectral
density S,(f). We then transform each sample to time domain and apply the nonlinearity ¢(x)
to each sample x(t) individually. Finally, we transform back to Fourier domain and get Sy, by
averaging. Despite being computationally more expensive than the closed form expressions,
this sampling method provides a solution of the mean-field theory for an arbitrary nonlinear-
ity and it is computationally much cheaper than running the full microscopic simulation.
Moreover, this method can easily be extended to be used in the presence of a non-Gaussian
sinusoidal input (cf. section “Adaptation shapes signal transmission in the presence of inter-
nally-generated noise” and [4]).

Mean-field theory derivation

In this section, we extend the derivation of dynamical mean-field theory (DMFT) to the case
of the network of multi-dimensional rate units. Since there are no additional complication
with respect to the standard case, we report here only the main steps. For a review of the path-
integral approach to DMFT, see e.g. [45, 46]. The moment-generating functional correspond-
ing to the microscopic system in Eq 21 is given by

2,510) = / DxD exp [S,[x, 7] — (&) J6( () + 7 + 75, (54)

where
Sy[x, %] == x"(1,0, — A)x (55)

and we introduced the notation x"x = > >, [ x%(t)x*(t)dt. The integral is over paths and
bold symbols indicate vectors, over both the network space and the rate model space, so that
Dx = [LI.Dx;.

We are interested in properties that are independent of the particular realization of the cou-
pling matrix J. In order to extract those properties, we average over the quenched disorder by
defining the averaged generating function

2jij)= | ,-j a7 (0.5:0,) 25510 (56)

The average over each Jj; can be computed by noticing that the terms corresponding to dif-
ferent J;; factorize and the integral can be solved by completing the square. Since the details of
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this calculation are analogous to the one-dimensional case, we directly report the result

25 = [ DaDexpls 5] 4575+ 5]

o) isesmnlu]

We now aim to decouple the interaction term in the last line by introducing the auxiliary
field

= 537 6 (1)6l (). (58)

We introduce Q; in the generating functional by inserting the following representation of
the unity

/ DQ@[— SQ0 + Y60 (59)

where J[-] is the delta functional. Using the integral representation of the delta functional leads
to the introduction of a second auxiliary field, which we call Q,. We obtain

Zli 5 = / DQ,DQ,DxDx exp [S,[x, %] + j x +j'X] x

A (Zx O+ SO0 ()

_ng(ta t)Q,(t, t’)) dtdt,:| .

This expression has the advantage that any interaction between different units is removed
and all the contribution coming from different units factorize. It is convenient to rewrite the
averaged generating functional as a field theory for two auxiliary fields Q;, Q, i.e. we remove
the vectorial response terms j'x, j"% and we add two scalar response terms for the auxiliary
fields. The result is

_ . N ~
Z[]v]] = /DQ1DQ2 €Xp (__ZQ;FQZ + Nan[QU Q2] +jTQ1 +]TQ2>

70,0 = [ Dapren (s e8] 4 6 QE + ol >Q2¢<x1>),

where we extended our notation to QTQ, = [ [ Q,(s,t)Q,(s, t)dsdt. The crucial observation
to make is that essentially all factors associated to different units factorized yielding the factor
N. For this reason, the integration is now not over all rate model indices but over only one unit
index. The remainder is the problem of one unit, characterized by D variables, interacting with
two external fields Q,, Q,.
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The final step is to perform a saddle-point approximation, i.e. replace Q;, Q, by their values
that make the action stationary. To do this, we need to solve the two saddle-point equations

0
0Qq15

N
@gﬂ@+NmZMMu)=o ()

These equations are analogous to the ones in the one-dimensional case, and lead to the sad-
dle-point solution

Qi(s,t) = g2c¢(x1)(57 t)
) (63)
Q1) =0

where Cy(.)(s, t) is the autocorrelation function of ¢(x") evaluated at the saddle point solution.
The averaged generating functional at the leading order in N can be written as

2

Z* x | DxDxexp (so [x, ] +%(5&)Tco(xl)5c1>. (64)

This is the statistical field theory corresponding to D linearly interacting variables, with x'
that receives a Gaussian noise whose autocorrelation is given by Cy,y. Writing the corre-
sponding differential equations results in our mean-field description (Eq 29).

Mean-field theory with heterogeneous adaptation

In this section, we will extend the derivation of the dynamic mean-field theory (DMFT) for the
case of the network with heterogeneous adaptation. We consider the case in which each neu-
ron has different parameters, sampled i.i.d from the same distributions, and different parame-
ters of the same neuron are uncorrelated with each other. More precisely, we sample the
elements of the matrix A; for neuron i as

AT~ N(A, (0)7), (65)

where the subscript i runs over the neurons in the network.

In deriving the mean-field theory, most of the steps are identical to those in Methods, sec-
tion “Mean-field theory derivation”, so we will focus on the additional terms due to the new
source of disorder. We separate the contribution of mean adaptation parameters A* from the
deviations, so that the generating functional reads

Wﬂm—/DWMWFWﬂ—@VWWm%Q}ﬂM—M&+
k (66)
+ij+jT&:| ’

where

Solx, %] = x"(1,0, — A)x (67)

and A is the matrix of the expected values of A.

The action S is the same as for the network without heterogeneity, and when averaging
over the connectivity disorder, we obtain the same result as for homogeneous network. In this
case however, we need to also average over the disorder due to heterogeneity, i.e. over all the
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A The averaged generating functional will then result from the average

zlj.j] = / (H deN(o,gﬁz;fﬁ» (H dAzW(A:ﬁ,a“";A“”>>ZLi,ﬂ<J>. (68)
ij ofk

The new terms due to the heterogeneity result in integrations of the type

oo (g2 ) [sodon). o

that can be solved by completing the square. After averaging over both the connectivity disor-
der and the heterogeneity disorder, the generating functional reads

7[5 = / DxDx exp [S,[x, &] + "% + %]
x exp E / (Z%}(rm(f)) (%Z¢<x}<t>)¢<x}<t'>)>dtdt’] <o)

< exp [Z = %?(t)xf(t)xf’(t’)a??‘(t’)]-

iof

The last term, which is due to the heterogeneity, factorizes into the contributions associated
to different units. From this point on, in order to derive the mean-field equations, we follow
exactly the same steps as in Methods, section “Mean-field theory derivation”, so we do not
report those steps here. The mean-field equations read

D

(1) =Y (AT (1) + (1) + 67 (n(t) + 1(1)), (71)

p=1

where 77/ are Gaussian processes associated to the heterogeneity, that all have mean zero and
autocorrelation

(i (7 () = (a°0)" (P ()2 (s)). (72)

For the particular case of adaptation with heterogeneity on the parameter j, as studied in
section “Resonant chaos in random networks with adaptation”, we have the following mean-
field equations

x(t) = —x(t) —a(t) +n(t) + 1(t) (73)

a(t) = —ya(t) + pBx(t) + 1, (b), (74)
where ny(t) is a Gaussian process with mean zero and autocorrelation
(u()14(s)) = o {x(t)x(s))- (75)
From Eqs 73 and 74, we can find the self-consistent equation for the power spectrum:

$.(f) = GulF)(g*Su () + S,(F)), (76)
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where G, (f) is an effective filter given by

Gulf) = —2——, (77)

1- = 5G(f)

where w = 27f. The effective filter G,,(f) predicts a larger power at low frequencies, similar to
what is observed in simulations (cf. Fig 2d).

Fixed point stability in the mean-field network

Here we consider the full matrix of linear response functions (see below), to conclude that the
only quantity that matters for the stability at the fixed point is G(f).

Starting from the microscopic network equations (Eq 21), we derive a set of differential
equations, that we write in matrix form

(I a A »xk Z ly}k +61k1 (S( ) (78)

where A, = 6 &' is a matrix whose only nonzero element is [A;]"! = 1. yy(7) isa Dby D

Ox(

matrix, whose component are defined as 3 (1) = ,,(T , where h is a small perturbation given

to the variable x/ at time 7 = 0. Notice that in deriving Eq 78, we have assumed stationarity and
that ¢'(0) = 1. We now Fourier transform Eq 78 and get

(2mif I, — A)7,(f) = Z IX]k(f + 04lp- (79)

Inverting the matrix (2mif Ip — A) and recognizing the linear response function of the single
unit 7, (f), we obtain

Zik(f) = Z]ij)zo(f)Alijk(f) + 5ik9~(0(f)a (80)

where 7,(f) is a D by D matrix whose elements are 7 (f), defined in section “Mean-field
theory”.

Since in the mean-field approximation the mean of the linear response function is zero, we
look for the second moments [2]. We multiply every element of the matrix equation (Eq 80)
by its complex conjugate and average over the quenched disorder. We obtain

)1 =&AL+ G, (81)

where the absolute value is intended element-wise. Due to the structure of the matrix A,, we
have that [7,(f)A,7(f)|> = G(f)A,|7(f)|’, as it can be verified simply by using the definition
of A;. Finally, we can solve for |7(f)|*

2N = (1, — gG(NA)(G())- (82)
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Since the only nonzero eigenvalue of the matrix G(f)A, is |7 (f)[, the stability condition
for the fixed point is given by

I's mfaxé(f) <1 (83)

Acknowledgments

The authors would like to thank Johanni Brea for helpful discussions and comments.

Author Contributions

Conceptualization: Samuel P. Muscinelli, Wulfram Gerstner, Tilo Schwalger.
Formal analysis: Samuel P. Muscinelli, Tilo Schwalger.

Funding acquisition: Wulfram Gerstner.

Investigation: Samuel P. Muscinelli, Tilo Schwalger.

Methodology: Samuel P. Muscinelli, Tilo Schwalger.

Software: Samuel P. Muscinelli.

Supervision: Wulfram Gerstner, Tilo Schwalger.

Visualization: Samuel P. Muscinelli.

Writing - original draft: Samuel P. Muscinelli.

Writing - review & editing: Samuel P. Muscinelli, Wulfram Gerstner, Tilo Schwalger.

References

1. Sompolinsky H, Crisanti A, Sommers HJ. Chaos in Random Neural Networks. Physical Review Letters.
1988; 61(3):259-262. hitps://doi.org/10.1103/PhysRevlLett.61.259 PMID: 10039285

2. Kadmon J, Sompolinsky H. Transition to Chaos in Random Neuronal Networks. Phys Rev X. 2015;
5:041030.

3. van Vreeswijk C, Sompolinsky H. Chaos in neuronal networks with balanced excitatory and inhibitory
activity. Science. 1996; 274:1724. https://doi.org/10.1126/science.274.5293.1724 PMID: 8939866

4. RajanK, Abbott LF, Sompolinsky H. Stimulus-dependent suppression of chaos in recurrent neural net-
works. Phys Rev E. 2010; 82:011903. https://doi.org/10.1103/PhysRevE.82.011903

5. Huang C, Doiron B. Once upon a (slow) time in the land of recurrent neuronal networks. . .. Current
Opinion in Neurobiology. 2017; 46:31-38. https://doi.org/10.1016/j.conb.2017.07.003

6. Maass W, Natschlager T, Markram H. Real-time computing without stable states: a new framework for
neural computation based on perturbations. Neural Computation. 2002; p. 2531-2560. https://doi.org/
10.1162/089976602760407955 PMID: 12433288

7. Jaeger H, Haas H. Harnessing Nonlinearity: Predicting Chaotic Systems and Saving Energy in Wireless
Communication. Science. 2004; 304:78-80. https://doi.org/10.1126/science.1091277 PMID: 15064413

8. Sussillo D, Abbott LF. Generating coherent patterns of activity from chaotic neural networks. Neuron.
2009; 63(4):544-557. https://doi.org/10.1016/j.neuron.2009.07.018 PMID: 19709635

9. Laje R, Buonomano DV. Robust timing and motor patterns by taming chaos in recurrent neural net-
works. Nat Neurosci. 2013; 16:925-933. https://doi.org/10.1038/nn.3405 PMID: 23708144

10. Nicola W, Clopath C. Supervised learning in spiking neural networks with FORCE training. Nat Com-
mun. 2017; 8(1):2208. https://doi.org/10.1038/s41467-017-01827-3 PMID: 29263361

11. DePasquale B, Cueva CJ, Rajan K, Escola GS, Abbott LF. full-FORCE: A target-based method for
training recurrent networks. PLOS ONE. 2018; 13(2):1-18. https://doi.org/10.1371/journal.pone.
0191527

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 32/35


https://doi.org/10.1103/PhysRevLett.61.259
http://www.ncbi.nlm.nih.gov/pubmed/10039285
https://doi.org/10.1126/science.274.5293.1724
http://www.ncbi.nlm.nih.gov/pubmed/8939866
https://doi.org/10.1103/PhysRevE.82.011903
https://doi.org/10.1016/j.conb.2017.07.003
https://doi.org/10.1162/089976602760407955
https://doi.org/10.1162/089976602760407955
http://www.ncbi.nlm.nih.gov/pubmed/12433288
https://doi.org/10.1126/science.1091277
http://www.ncbi.nlm.nih.gov/pubmed/15064413
https://doi.org/10.1016/j.neuron.2009.07.018
http://www.ncbi.nlm.nih.gov/pubmed/19709635
https://doi.org/10.1038/nn.3405
http://www.ncbi.nlm.nih.gov/pubmed/23708144
https://doi.org/10.1038/s41467-017-01827-3
http://www.ncbi.nlm.nih.gov/pubmed/29263361
https://doi.org/10.1371/journal.pone.0191527
https://doi.org/10.1371/journal.pone.0191527
https://doi.org/10.1371/journal.pcbi.1007122

GPLOS |saisermom

Single neuron properties shape chaos and signal transmission in random networks

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Mastrogiuseppe F, Ostojic S. Linking Connectivity, Dynamics, and Computations in Low-Rank Recur-
rent Neural Networks. Neuron. 2018; 99(3):609-623.e29. https://doi.org/10.1016/j.neuron.2018.07.003
PMID: 30057201

Rajan K, Abbott LF. Eigenvalue Spectra of Random Matrices for Neural Networks. Phys Rev Lett. 2006;
97:188104. https://doi.org/10.1103/PhysRevLett.97.188104 PMID: 17155583

Mastrogiuseppe F, Ostojic S. Intrinsically-generated fluctuating activity in excitatory-inhibitory networks.
PLoS Comput Biol. 2017; 13(4):1-40. https://doi.org/10.1371/journal.pcbi.1005498

Benda J, Herz AVM. A Universal Model for Spike-Frequency Adaptation. Neural Computation. 2003;
15(11):2523-2564. https://doi.org/10.1162/089976603322385063 PMID: 14577853

Lundstrom BN, Higgs MH, Spain WJ, Fairhall AL. Fractional differentiation by neocortical pyramidal
neurons. Nature Neuroscience. 2008; 11:1335—-1342. https://doi.org/10.1038/nn.2212 PMID:
18931665

La Camera G, Rauch A, Thurbon D, Luscher HR, Senn W, Fusi S. Multiple Time Scales of Temporal
Response in Pyramidal and Fast SpikingCortical Neurons. J Neurophysiology. 2006; 96:3448—-3464.
https://doi.org/10.1152/jn.00453.2006

Pozzorini C, Naud R, Mensi S, Gerstner W. Temporal whitening by power-law adaptation in neocortical
neurons. Nat Neurosci. 2013; 16:942-948. https://doi.org/10.1038/nn.3431 PMID: 23749146

Wilson HR, Cowan JD. Excitatory and inhibitory interactions in localized populations of model neurons.
Biophys J. 1972; 12:1-24. https://doi.org/10.1016/S0006-3495(72)86068-5 PMID: 4332108

Deco G, Jirsa VK, McIntosh AR. Emerging concepts for the dynamical organization of resting-state
activity in the brain. Nat Rev Neurosci. 2011; 12(1):43-56. https://doi.org/10.1038/nrn2961 PMID:
21170073

Mainen ZF, Sejnowski TJ. Reliability of Spike Timing in Neocortical Neurons. Science. 1995; 268:1503—
1508. https://doi.org/10.1126/science.7770778 PMID: 7770778

Bair W, Koch C. Temporal precision of spike trains in extrastriate cortex of the behaving macaque mon-
ekey. Neural Computation. 1996; 8:1185-1202. https://doi.org/10.1162/neco.1996.8.6.1185 PMID:
8768391

Devalle F, Roxin A, Montbrié E. Firing rate equations require a spike synchrony mechanism to correctly
describe fast oscillations in inhibitory networks. PLOS Comput Biol. 2017; 13(12):1-21. https://doi.org/
10.1371/journal.pcbi.1005881

Knight BW. Dynamics of encoding in a population of neurons. J Gen Physiology. 1972; 59:734—766.
https://doi.org/10.1085/jgp.59.6.734

Konig P, Engel AK, Singer W. Integrator or coincidence detector? The role of the cortical neuron revis-
ited. Trends Neurosci. 1996; 19(4):130-137. https://doi.org/10.1016/S0166-2236(96)80019-1 PMID:
8658595

Gerstner W. Population dynamics for spiking neurons: fast transients, asynchronous states and lock-
ing. Neural Computation. 2000; 12:43-89. https://doi.org/10.1162/089976600300015899 PMID:
10636933

Brette R, Guignon E. Reliability of spike timing is a general property of spiking neurons. Neural Compu-
tation. 2003; 12:279-308. https://doi.org/10.1162/089976603762552924

Schwalger T, Deger M, Gerstner W. Towards a theory of cortical columns: From spiking neurons to
interacting neural populations of finite size. PLoS Comput Biol. 2017; 13(4):€1005507. https://doi.org/
10.1371/journal.pcbi. 1005507 PMID: 28422957

Mattia M, Del Giudice P. On the population dynamics of interacting spiking neurons. Phys Rev E. 2002;
XXIXX.

Schaffer ES, Ostojic S, Abbott LF. A complex-valued firing-rate model that approximates the dynamics
of spiking networks. PLoS Comput Biol. 2013; 9(10):e1003301. https://doi.org/10.1371/journal.pcbi.
1003301 PMID: 24204236

Montbri6 E, Paz6 D, Roxin A. Macroscopic description for networks of spiking neurons. Phys Rev X.
2015; 5(2):021028.

Berry MJ, Meister M. Refractoriness and neural precision. J Neurosci. 1998; 18(6):2200—2211. https:/
doi.org/10.1523/JNEUROSCI.18-06-02200.1998 PMID: 9482804

Naud R, Gerstner W. Coding and Decoding with Adapting Neurons: A Population Approach to the Peri-
Stimulus Time Histogram. PLOS Comput Biol. 2012; 8:e1002711. https://doi.org/10.1371/journal.pcbi.
1002711 PMID: 23055914

Schwalger T, Lindner B. Patterns of interval correlations in neural oscillators with adaptation. Front
Comput Neurosci. 2013; 7(164):164. https://doi.org/10.3389/fncom.2013.00164 PMID: 24348372

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 33/35


https://doi.org/10.1016/j.neuron.2018.07.003
http://www.ncbi.nlm.nih.gov/pubmed/30057201
https://doi.org/10.1103/PhysRevLett.97.188104
http://www.ncbi.nlm.nih.gov/pubmed/17155583
https://doi.org/10.1371/journal.pcbi.1005498
https://doi.org/10.1162/089976603322385063
http://www.ncbi.nlm.nih.gov/pubmed/14577853
https://doi.org/10.1038/nn.2212
http://www.ncbi.nlm.nih.gov/pubmed/18931665
https://doi.org/10.1152/jn.00453.2006
https://doi.org/10.1038/nn.3431
http://www.ncbi.nlm.nih.gov/pubmed/23749146
https://doi.org/10.1016/S0006-3495(72)86068-5
http://www.ncbi.nlm.nih.gov/pubmed/4332108
https://doi.org/10.1038/nrn2961
http://www.ncbi.nlm.nih.gov/pubmed/21170073
https://doi.org/10.1126/science.7770778
http://www.ncbi.nlm.nih.gov/pubmed/7770778
https://doi.org/10.1162/neco.1996.8.6.1185
http://www.ncbi.nlm.nih.gov/pubmed/8768391
https://doi.org/10.1371/journal.pcbi.1005881
https://doi.org/10.1371/journal.pcbi.1005881
https://doi.org/10.1085/jgp.59.6.734
https://doi.org/10.1016/S0166-2236(96)80019-1
http://www.ncbi.nlm.nih.gov/pubmed/8658595
https://doi.org/10.1162/089976600300015899
http://www.ncbi.nlm.nih.gov/pubmed/10636933
https://doi.org/10.1162/089976603762552924
https://doi.org/10.1371/journal.pcbi.1005507
https://doi.org/10.1371/journal.pcbi.1005507
http://www.ncbi.nlm.nih.gov/pubmed/28422957
https://doi.org/10.1371/journal.pcbi.1003301
https://doi.org/10.1371/journal.pcbi.1003301
http://www.ncbi.nlm.nih.gov/pubmed/24204236
https://doi.org/10.1523/JNEUROSCI.18-06-02200.1998
https://doi.org/10.1523/JNEUROSCI.18-06-02200.1998
http://www.ncbi.nlm.nih.gov/pubmed/9482804
https://doi.org/10.1371/journal.pcbi.1002711
https://doi.org/10.1371/journal.pcbi.1002711
http://www.ncbi.nlm.nih.gov/pubmed/23055914
https://doi.org/10.3389/fncom.2013.00164
http://www.ncbi.nlm.nih.gov/pubmed/24348372
https://doi.org/10.1371/journal.pcbi.1007122

GPLOS |saisermom

Single neuron properties shape chaos and signal transmission in random networks

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.
47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Deger M, Schwalger T, Naud R, Gerstner W. Fluctuations and information filtering in coupled popula-
tions of spiking neurons with adaptation. Phys Rev E. 2014; 90(6-1):062704. https://doi.org/10.1103/
PhysRevE.90.062704

Fourcaud N, Brunel N. Dynamics of the firing probability of noisy integrate-and-fire neurons. Neural
Computation. 2002; 14:2057—2110. https://doi.org/10.1162/089976602320264015 PMID: 12184844

Schwalger T, Schimansky-Geier L. Interspike interval statistics of a leaky integrate-and-fire neuron
driven by Gaussian noise with large correlation times. Phys Rev E. 2008; 77:031914-9. https://doi.org/
10.1103/PhysRevE.77.031914

Richardson M, Brunel N, Hakim V. from Subthreshold to Firing-Rate Resonance. J Neurophysiology.
20083; 89:2538-2554. https://doi.org/10.1152/jn.00955.2002

Ostojic S, Szapiro G, Schwartz E, Barbour B, Brunel N, Hakim V. Neuronal morphology generates high-
frequency firing resonance. J Neurosci. 2015; 35(18):7056—7068. https://doi.org/10.1523/JNEUROSCI.
3924-14.2015 PMID: 25948257

Doose J, Doron G, Brecht M, Lindner B. Noisy Juxtacellular Stimulation In Vivo Leads to Reliable
Spiking and Reveals High-Frequency Coding in Single Neurons. Journal of Neuroscience. 2016;
36(43):11120-11132. https://doi.org/10.1523/JNEUROSCI.0787-16.2016 PMID: 27798191

Fairhall AL, Lewen GD, Bialek W, van Steveninck RRD. Efficiency and ambiguity in an adaptive neural
code. Nature. 2001; 412:787-792. https://doi.org/10.1038/35090500 PMID: 11518957

Mar EJ, Chow CC, Gerstner W, Adams RW, Collins JJ. Noise-shaping in populations of coupled model
neurons. Proc Natl Acad Sci USA. 1999; 96:10450—10455. https://doi.org/10.1073/pnas.96.18.10450
PMID: 10468629

Avila Akerberg O, Chacron MJ. Noise shaping in neural populations. Phys Rev E. 2009; 79:011914.
https://doi.org/10.1103/PhysRevE.79.011914

Lindner B. Mechanisms of Information Filtering in Neural Systems. IEEE Transactions on Molecular, Bio-
logical and Multi-Scale Communications. 2016; 2(1):5—15. https://doi.org/10.1109/TMBMC.2016.2618863

Schiicker J, Goedeke S, Dahmen D, Helias M. Functional methods for disordered neural networks.
arXiv. 2016;.

Crisanti A, Sompolinsky H. Path Integral Approach to Random Neural Networks. arXiv e-prints. 2018;.

Schuecker J, Goedeke S, Helias M. Optimal Sequence Memory in Driven Random Networks. Phys Rev
X.2018; 8:041029.

Golomb D, Hansel D, Mato G. Mechanisms of synchrony of neural activity in large networks. In: Hand-
book of Biological Physics. Volume 4: Neuro-Informatics and Neural Modeling; 2001.

Lindenberg K, West BJ, Masoliver J. In: Moss F, McClintock PVEE, editors. First passage time prob-
lems for non-Markovian processes. vol. 1. Cambridge University Press; 1989. p. 110-160.

Schwalger T. The interspike-interval statistics of non-renewal neuron models. Humboldt-Universitat zu
Berlin, Mathematisch-Naturwissenschaftliche Fakultat I; 2013.

Deco G, Rolls ET. Neurodynamics of Biased Competition and Cooperation for Attention:A Model With
Spiking Neurons. J Neurophysiol. 2005; 94:295-313. https://doi.org/10.1152/jn.01095.2004 PMID:
15703227

Setareh H, Deger M, Gerstner W. Excitable neuronal assemblies with adaptation as a building block of
brain circuits for velocity-controlled signal propagation. PLoS Comput Biol. 2018; 14(7):1-30. https://
doi.org/10.1371/journal.pcbi.1006216

Shpiro A, Moreno-Bote R, Rubin N, Rinzel J. Balance between noise and adaptation in competition
models of perceptual bistability. J Comput Neurosci. 2009; 27(1):37-54. https://doi.org/10.1007/
s$10827-008-0125-3 PMID: 19125318

Theodoni P, Kovacs G, Greenlee MW, Deco G. Neuronal adaptation effects in decision making. J Neu-
rosci. 2011; 31(1):234-246. https://doi.org/10.1523/JNEUROSCI.2757-10.2011 PMID: 21209209

Bellec G, Salaj D, Subramoney A, Legenstein R, Maass W. Long short-term memory and Learning-to-
learn in networks of spiking neurons. arXiv. 2018;.

Melamed O, Gerstner W, Maass W, Tsodyks M, Markram H. Coding and Learning of behavioral
sequences. Trends in Neurosciences. 2004; 27:11-14. https://doi.org/10.1016/j.tins.2003.10.014
PMID: 14698603

McCormick DA, Williamson A. Convergence and divergence of neurotransmitter action in human cere-
bral cortex. Proceedings of the National Academy of Sciences. 1989; 86(20):8098-8102. https://doi.
org/10.1073/pnas.86.20.8098

Stiefel KM, Gutkin BS, Sejnowski TJ. The effects of cholinergic neuromodulation on neuronal phase-
response curves of modeled cortical neurons. Journal of Computational Neuroscience. 2009;
26(2):289-301. https://doi.org/10.1007/s10827-008-0111-9 PMID: 18784991

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 34/35


https://doi.org/10.1103/PhysRevE.90.062704
https://doi.org/10.1103/PhysRevE.90.062704
https://doi.org/10.1162/089976602320264015
http://www.ncbi.nlm.nih.gov/pubmed/12184844
https://doi.org/10.1103/PhysRevE.77.031914
https://doi.org/10.1103/PhysRevE.77.031914
https://doi.org/10.1152/jn.00955.2002
https://doi.org/10.1523/JNEUROSCI.3924-14.2015
https://doi.org/10.1523/JNEUROSCI.3924-14.2015
http://www.ncbi.nlm.nih.gov/pubmed/25948257
https://doi.org/10.1523/JNEUROSCI.0787-16.2016
http://www.ncbi.nlm.nih.gov/pubmed/27798191
https://doi.org/10.1038/35090500
http://www.ncbi.nlm.nih.gov/pubmed/11518957
https://doi.org/10.1073/pnas.96.18.10450
http://www.ncbi.nlm.nih.gov/pubmed/10468629
https://doi.org/10.1103/PhysRevE.79.011914
https://doi.org/10.1109/TMBMC.2016.2618863
https://doi.org/10.1152/jn.01095.2004
http://www.ncbi.nlm.nih.gov/pubmed/15703227
https://doi.org/10.1371/journal.pcbi.1006216
https://doi.org/10.1371/journal.pcbi.1006216
https://doi.org/10.1007/s10827-008-0125-3
https://doi.org/10.1007/s10827-008-0125-3
http://www.ncbi.nlm.nih.gov/pubmed/19125318
https://doi.org/10.1523/JNEUROSCI.2757-10.2011
http://www.ncbi.nlm.nih.gov/pubmed/21209209
https://doi.org/10.1016/j.tins.2003.10.014
http://www.ncbi.nlm.nih.gov/pubmed/14698603
https://doi.org/10.1073/pnas.86.20.8098
https://doi.org/10.1073/pnas.86.20.8098
https://doi.org/10.1007/s10827-008-0111-9
http://www.ncbi.nlm.nih.gov/pubmed/18784991
https://doi.org/10.1371/journal.pcbi.1007122

GPLOS |saisermom

Single neuron properties shape chaos and signal transmission in random networks

59.

60.

61.
62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.
78.

Beiran M, Ostojic S. Contrasting the effects of adaptation and synaptic filtering on the timescales of
dynamics in recurrent networks. ArXiv e-prints. 2018; p. arXiv:1812.06919.

Muscinelli SP, Gerstner W, Schwalger T. Single neuron properties shape chaotic dynamics in random
neural networks. ArXiv e-prints. 2018; p. arXiv:1812.06925v1.

Brunel N. Sparsely Connected Networks of Spiking Neurons. J Comput Neurosci. 2000; 8:183.

Wieland S, Bernardi D, Schwalger T, Lindner B. Slow fluctuations in recurrent networks of spiking neu-
rons. Phys Rev E. 2015; 92(4):040901. https://doi.org/10.1103/PhysRevE.92.040901

Lerchner A, Ursta C, Hertz J, Ahmadi M, Ruffiot P, Enemark S. Response variability in balanced cortical
networks. Neural Comput. 2006; 18(3):634. https://doi.org/10.1162/089976606775623261 PMID:
16483411

Dummer B, Wieland S, Lindner B. Self-consistent determination of the spike-train power spectrumin a
neural network with sparse connectivity. Front Comp Neurosci. 2014; 8:104.

Barkai N, Leibler S. Robustness in simple biochemical networks. Nature. 1997; 387(6636):913. https://
doi.org/10.1038/43199 PMID: 9202124

Kauffman SA. The origins of order: Self-organization and selection in evolution. Oxford University
Press; 1993.

Jeong H, Mason SP, Barabasi AL, Oltvai ZN. Lethality and centrality in protein networks. Nature. 2001;
411(6833):41. https://doi.org/10.1038/35075138 PMID: 11333967

Pomerance A, Ott E, Girvan M, Losert W. The effect of network topology on the stability of discrete
state models of genetic control. Proceedings of the National Academy of Sciences. 2009; 106
(20):8209-8214. https://doi.org/10.1073/pnas.0900142106

Pastor-Satorras R, Vespignani A. Epidemic Spreading in Scale-Free Networks. Phys Rev Lett. 2001;
86:3200-3203. https://doi.org/10.1103/PhysRevLett.86.3200 PMID: 11290142

Rieke F, Warland D, de Ruyter van Steveninck R, Bialek W. Spikes—Exploring the neural code. MIT
Press, Cambridge, MA; 1996.

Pereira U, Brunel N. Attractor Dynamics in Networks with Learning Rules Inferred from InA Vivo Data.
Neuron. 2018; 99(1):227-238.e4. https://doi.org/10.1016/j.neuron.2018.05.038 PMID: 29909997

Dorogovtsev SN, Mendes JFF. Evolution of networks. Advances in Physics. 2002; 51(4):1079-1187.
https://doi.org/10.1080/00018730110112519

Silvester JR. Determinants of block matrices. The Mathematical Gazette. 2000; 84(501):460—467.
https://doi.org/10.2307/3620776

Girko V. Circular Law. Theory of Probability & Its Applications. 1985; 29(4):694—-706. https://doi.org/10.
1137/1129095

Stern M, Sompolinsky H, Abbott LF. Dynamics of random neural networks with bistable units. Phys Rev
E. 2014; 90:062710. https://doi.org/10.1103/PhysRevE.90.062710

Malakhov AN. In: Cumulant Analysis of Stochastic Non-Gaussian Processes and Their Transforma-
tions. Moskva: Sov. Radio; 1978. p. 253.

Stratonovich RL. Topics in the Theory of Random Noise. vol. 1. New York: Gordon and Breach; 1967.

Kruscha A, Lindner B. Partial synchronous output of a neuronal population under weak common noise:
Analytical approaches to the correlation statistics. Phys Rev E. 2016; 94:022422. https://doi.org/10.
1103/PhysRevE.94.022422 PMID: 27627347

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007122  June 10, 2019 35/35


https://doi.org/10.1103/PhysRevE.92.040901
https://doi.org/10.1162/089976606775623261
http://www.ncbi.nlm.nih.gov/pubmed/16483411
https://doi.org/10.1038/43199
https://doi.org/10.1038/43199
http://www.ncbi.nlm.nih.gov/pubmed/9202124
https://doi.org/10.1038/35075138
http://www.ncbi.nlm.nih.gov/pubmed/11333967
https://doi.org/10.1073/pnas.0900142106
https://doi.org/10.1103/PhysRevLett.86.3200
http://www.ncbi.nlm.nih.gov/pubmed/11290142
https://doi.org/10.1016/j.neuron.2018.05.038
http://www.ncbi.nlm.nih.gov/pubmed/29909997
https://doi.org/10.1080/00018730110112519
https://doi.org/10.2307/3620776
https://doi.org/10.1137/1129095
https://doi.org/10.1137/1129095
https://doi.org/10.1103/PhysRevE.90.062710
https://doi.org/10.1103/PhysRevE.94.022422
https://doi.org/10.1103/PhysRevE.94.022422
http://www.ncbi.nlm.nih.gov/pubmed/27627347
https://doi.org/10.1371/journal.pcbi.1007122

