The Performance (and Limits) of Simple Neuron
Models: Generalizations of the Leaky
Integrate-and-Fire Model

Richard Naud and Wulfram Gerstner

The study of neuronal populations with respect to coding, computation and learning
relies on a primary building bloc: the single neuron. Attempts to understand the
essence of single neurons yield mathematical models of various complexity. On one
hand there are the complex biophysical models and on the other hand there are the
simpler integrate-and-fire models. In order to relate with higher functionalities such
as computation or coding, it is not necessary to model all the spatio-temporal details
of ionic flow and protein interactions. There is a level of description that is simple,
that bridges the gap to higher functionalities, and that is sufficiently complete to
match real neurons. In this chapter we start with the integrate-and-fire model and
then consider a set of enhancements so as to approach the behaviour of multiple
types of neurons.

The formalism considered here takes a stimulating current /(¢) as an input and
responds with a voltage trace V (), which contain multiple spikes. The input cur-
rent can be injected experimentally in vitro. In a living brain, the input comes from
synapses, gap junctions or voltage-dependent ion channels of the neuron’s mem-
brane. /() in this case corresponds to the sum of currents arriving to the compart-
ment responsible for spike generation.

1 Basic Threshold Models

Nerve cells communicate by action potentials — also called spikes. Each neuron
gathers input from thousands of synapses to decide when to produce a spike. Most
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Fig. 1 Positively and negatively charged ions are distributed inside and outside the cell. Current
(I(1)) entering the cell will modify the difference in electric potential between the exterior and the
interior (V). The dynamics of the LIF correspond to a RC-circuit composed of a conductance (gr)
in parallel with a capacitance (C). The electric supply corresponds to the resting potential (Ey).

neurons will fire a spike when their membrane potential reaches a value around -55
to -50 mV. Action potential firing can be considered an all-or-nothing event. These
action potentials are very stereotypical. This suggests that spikes can be replaced by
a threshold followed by a reset.

1.1 The Perfect Integrate-and-Fire Model

Fundamentally, we can say that a single neuron accumulates the input current /(z)
by increasing its membrane potential V(7). When the voltage hits the threshold (Vr),
a spike is said to be emitted and the voltage is reset to V,.. Mathematically we write:

av 1
T El(f) ey
when V(¢) > Vr then V(¢) = V. (2)

Here, C is the total capacitance of the membrane. This equation is the first Kirchoff
law for an impermeable membrane: the current injected can only load the capac-
itance. The greater the capacitance the greater the amount of current required to
increase the potential by a given amount.

This system is called the integrate-and-fire (IF) model. Solving the first-order
differential equation shows the integral explicitly, for the time after a given spike at
fo:
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Fig. 2 The defining responses of the LIF model. A short but strong pulse will make a marked
increased in potential which will then decay exponentially. A subthreshold step of current leads to
exponential relaxation to the steady-state voltage, and to an exponential relaxation back to resting
potential after the end of the step. A supra-threshold step of current leads to tonic firing. If a
sinusoidal wave of increasing frequency is injected in the model, only the lowest frequencies will
respond largely. The higher frequencies will be attenuated.

1 t
V() =Vt /to I(s)ds. 3)

Here a pulse of current will never be forgotten. In other words one could inject a
small pulse of current every hour and their repercussions on the voltage will cumu-
late to eventually make the model neuron fire. This conflicts with the behaviour of
real neurons. In fact, IF models are used here for didactic purposes only because it
summarizes the central idea: integrate and fire.

1.2 The Leaky Integrate-and-Fire Model

Real neuronal membranes are leaky. Ions can diffuse through the neuronal mem-
brane. The membrane of neurons can be seen as providing a limited electrical con-
ductance (gr) for charges crossing the cellular membrane. The difference in elec-
tric potential at equilibrium depends on the local concentration of ions and is often
called the reversal (or resting) potential (Ep). This additional feature leads to the
more realistic Leaky-Integrate-and-Fire (LIF) model (Lapicque, 1907):
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Fig. 3 The filter k can be
measured in real neurons
(Jolivet et al, 2006a). Here the
shape of the filter is shown
as measured in the soma of a
pyramidal neuron of the layer
5 of the cortex (gray circles).
Data points before 5 ms are
not shown because they bear
a heavy artefact due to the
electrode used for recording.
In black is a fit of Eq. 8 with
C=408 pFand 7= 11.4 ms.
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Again, this is the Kirchoff law for conservation of charge. The current injected
can either leak out or accumulate on the membrane. Here, the effect of a short cur-
rent pulse will cause a transient increase in voltage. This can be seen by looking at
the solution of the linear differential equation after a given spike at time #;:

V(t) = Eo+mn,(t —1o) +/OH0 K (s)I(t — s)ds (6)

N = (Vs —Eo)e "0 (1) 7)

k(t) = C

e '70(1) (8)

where O (t) is the Heaviside function and 7 = C/g; is the membrane time constant.
In Eq. 6, three terms combine to make the voltage. The first term is the reversal
potential. The second term is the effect of voltage reset which appear through the
function 1,. Note that far from the last spike (7)) this term vanishes. The last term
— made of the convolution of the filter k() with the current — is the influence of
input current on the voltage. We see that the voltage is integrating the current but
the current at an earlier time has a smaller effect than current at later times. The
membrane time constant of real neurons can vary between 10 and 50 ms. The theory
of signal processing tells us that the membrane acts as a low-pass filter of the current
(Fig. 2). In fact, input current fluctuating slowly is more efficient at driving the
voltage than current fluctuating very rapidly.
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There is another way to implement the reset. Instead resetting to fixed value, we
can see that whenever the voltage equals Vr, there is a sudden decrease in voltage
to V.. According to this point of view the reset is caused by a short negative pulse
of current, which reflects the fact that the membrane loses charge when the neuron
sends out a spike. We write the LIF equations differently, using the Dirac delta
function (6 (z)):

d .
Cd—‘; = —gr(V—Eo)+1(t)—C(Vr —V,) Z5(t — 1) 9)

where the sum runs on all spike times 7; € {7}, defined as the times where V (¢) = V7.
The integrated form is now:

V() :E0+Zna(t—fi)+/0m k()1 (1 — s)ds (10)
Na(t) = = (Vi —V.)e '70(1). (11)

The two different ways to implement the reset yield slightly different formalisms.
Even though including the leak made the mathematical neuron model more realistic,
it is not sufficient to describe experiments with real neurons. We also need a process
to account for adaptation (Rauch et al, 2003; Jolivet et al, 2006b), and this is the
topic of the next section.

2 Refractoriness and Adaptation

Refractoriness prevents a second spike immediately after one was emitted. One can
distinguish between an absolute and a relative refractory period. The duration of the
spike is often taken as the absolute refractory period since it is impossible to emit a
spike while one is being triggered. During the absolute refractory period, no spike
can be emitted, no matter the strength of the stimulus. During the relative refractory
period it is possible to fire a spike, but a stronger stimulus is required. In this case the
current required depends on the time since the last spike. Manifestly, the absolute
refractory period always precedes the relative refractory period, and the absolute
refractory period can be seen as a very strong relative refractory period.

Spike-frequency adaptation, on the other hand, is the phenomenon whereby a
constant stimulus gives rise to a firing frequency that slows down in time (Fig. 4).
Here it is the cumulative effect of previous spikes that prevents further spiking. In
other words: the more a neuron spikes, the less it is likely to spike. How long can this
history dependence be? Multiple studies have pointed out that spikes emitted one or
even ten seconds earlier can still reduce the instantaneous firing rate (La Camera
et al, 2004; Lundstrom et al, 2008).

Refractoriness and adaptation are two similar but distinct effects, and we need
to define the difference in precise terms. Although refractoriness mostly affects
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Fig. 4 Comparing two simple mechanism of spike-triggered adaptation. A step current (top) is
injected in a model with spike-triggered hyperpolarizing current (left) or in a model with moving
threshold (right). Both models can produce the same firing patterns, but the voltage trace differs
qualitatively.

the earliest times after a spike and adaptation the latest times, this distinction is
not adequate: spike-triggered currents can cumulate even at small time scales. It is
more convenient to distinguish the two processes based on the history-dependence
whereby refractoriness prevents further spiking as a function of time since the last
spike only, while adaptation implies a dependency on the time of all the previous
spikes. In other words, adaptation is a refractoriness that camulates over the spikes.
Equivalently, refractoriness can be distinguished from adaptation by the type of re-
set: a fixed reset like in Eq. 5 leads to dependency on the previous spike only (see
Eq. 7) and hence to adaptation. A relative reset allows the effect of multiple spikes
to cumulate and can lead to spike-frequency adaptation.

In terms that are compatible with threshold models, both refractoriness and adap-
tation can be mediated either by a transient increase of the threshold after each spike
or by the transient increase of a hyperpolarizing current. These will be discussed
next.

2.1 Spike-Triggered Current

Some ion channels seem to be essential to the action potential but influence very
weakly the subthreshold dynamics. Some other ion channels play no role in defin-
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ing the shape of the spike, are marginally activated during a spike, and their level
of activation decays exponentially after the spike. These are ion channels that can
mediate adaptation or refractoriness. Such ion channels have voltage-dependent sen-
sitivity to the membrane potential: at high voltage they rapidly open, at low voltage
they slowly close. Since a spikes is a short period of high voltage this creates a short
jump in the level of adaptation which will slowly decay after the spike. Such a situ-
ation can be implemented in the LIF by adding an hyperpolarizing current w which
is incremented by b each time there is a spike and otherwise decays towards zero
with a time constant T,,:

Cc;—‘: = —gL(V—EO)—w+I(t)—C(VTfV,)ZS(t—t}) (12)

dw o
T = —w+b1w;5(t—t,-). (13)
(14)

The above system of equations is a simple mathematical model for a neuron with
spike-frequency adaptation. The current w is triggered by the spikes and will move
the membrane potential away from the threshold when b < 0. This equation can be
integrated to yield:

V() = Eot Y nali—5) + /0 " ()1t —5)ds (15)
Malt) = o (izfj 5 [/ —e o) — (v =Vo)e 00 (16)

where 1,(¢) and x(¢) are the same as in Eq. 9. The spike-triggered current that
cumulates over the spikes is reflected in a stereotypical change in voltage 7, that
can also cumulate over the spikes. Such a spike-triggered current can also make
refractoriness if we replace its cumulative reset by a fixed reset :

dw A
L —w+(b—W)TwZi‘,5(f—fi) a7

so that at each time instead of incrementing by b, we increment o b. In this case the
amount w of refractory current depends only on the time since the last spike.

The shape of the spike after potential can be mediated by a handful of ion chan-
nels. Likely candidates for mediating a spike triggered current of the type described
above must have a slow to medium activation at supra-threshold potentials and a
very slow inactivation or de-activation at subthreshold potentials. An action poten-
tial will then induce a small increase in the number of open channels which could
cumulate over the spikes. The time constant of the hyperpolarizing current 7,, relates
to the time constant for the closure of the ion channels at subthreshold potentials.
Typical examples are: slow potassium current /g with de-activation time constant
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around 30-40 ms (Korngreen and Sakmann, 2000), muscarinic potassium current,
Iy, with de-activation time constant around 30 to 100 ms (Passmore et al, 2003)
or the calcium-dependent potassium current Ix(c,) Which can have a time constant
in the order of multiple seconds (Schwindt et al, 1989). Finally, active dendritic
processes can also induce current to flow back into the somatic compartment after
each spike (Doiron et al, 2007). In this case the current is depolarizing rather than
hyperpolarizing, leading to facilitation rather than adaptation.

2.2 Moving Threshold

Spike-triggered currents are not the only way to implement refractoriness and adap-
tation in neuron models. There has been considerable indications that the effective
threshold of neurons is dynamic (Fuortes and Mantegazzini, 1962; Azouz and Gray,
2000, 2003; Badel et al, 2008b). If instead of adding a spike-triggered current we
let the threshold Vr be dynamic, the threshold can increase by 6V each time there
is a spike and decay exponentially with time constant 77 to the minimum threshold
Vo. This is summarized by the supplementary equations:

av;
rrd—: = —(Vr—Vp) (18)
whenV(t) > Vr(t)thenV(t) —»V, (19)
and Vr(t) — Vp(t) + 8Vr. (20)

Again, the moving threshold can implement adaptation (as with Eq.’s 18-20
above) or refractoriness if we replace the relative reset by a fixed reset: V(1) —
Vo+6Vr.

It is often possible to find parameters for which a model with a moving threshold
will yield the same spikes times than a model with a spike-triggered current. Indeed
moving the membrane potential away from the threshold with a spike-triggered cur-
rent can be equivalent to moving the threshold away from the membrane potential.
In particular, when only the spike times are predicted, we can put Eq.’s 18-20 in the
form of Eq. 15 by keeping a fixed threshold and adding to 1,(¢):

SVre TO(1). 1)

It is not yet clear which biophysical mechanisms are responsible for moving
thresholds. One likely candidate is the sodium channel inactivation (Azouz and
Gray, 2000). An increase in sodium channels inactivation can increase the voltage
threshold for spike initiation. Inactivated sodium channels de-inactivate with a time
constant of 2-6 ms (Huguenard et al, 1988). Furthermore, it is believed that sodium
channels can de-inactivate on time scales as long as multiple seconds (Baker and
Bostock, 1998).
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Fig. 5 The responses of the LIF with a single linearized current. A short but strong pulse will
generate a jump in potential which will then relaxes with an undershoot. A subthreshold step of
current leads to a characteristic overshoot after the onset and an undershoot after the offset of
the current. A supra-threshold step of current leads to firing with spike-frequency adaptation. If a
sinusoidal wave of increasing frequency is injected in the model, the lowest frequencies and the
highest frequencies will be attenuated. In-between frequencies will yield the greatest response.

3 Linearized Subthreshold Currents

There are ion channels influencing principally the shape of the spike, some the re-
fractoriness, and others the adaptation of neurons. However, there are also channels
whose dynamics depends and influences only the subthreshold potentials. An exam-
ple is the hyperpolarization activated cation current I;, which start to activate around
=70 mV. Other examples include ion channels making the spike-triggered currents
which can also be weakly coupled to the subthreshold voltage. The first-order effect
of such currents can be added to the LIF equations (see Ex. 3 or Mauro et al (1970)
for details on the Taylor expansion):

av
C—- ==V —Eo) —w+I(1) (22)

dw
TWE =a(V—E,)—w (23)
if V(1) > VrthenV () — V. (24)

Here a regulates the magnitude of the subthreshold current and 7,, rules the time
constant of the coupling with the voltage. E,, should correspond to the average volt-
age, we will assume that E,, = E for the following treatments. When a is negative,
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Fig. 6 The shape of the filter 25
K in the presence of reso-

nance. Here the shape of the

filter is shown as measured in >obk i
the apical pyramidal neuron
of the layer 5 of the cortex
(gray points). Data points 15} .

before 5 ms are not shown Tn\
because they bear a heavy =
artefact from due to the mea- % 1.0+ 4
surement electrode. In black —~
<

is shown a fit of Eq. 22-23 (a
=13.6nS, g,=350nS,C = 05F .
168 pF, 7,, = 15.5 ms). Data a
courtesy of Brice Bathellier.

0.0 %

~0.5 I I I I I I
0 10 20 30 40 50 60 70

time (ms)

w is said to cause subthreshold facilitation. The response properties will resemble
the LIF as (in Fig. 2 and 3) but with a longer impulse-response function. When a
is positive, w is said to generate subthreshold adaptation. For a sufficiently strong
positive a we see the emergence of resonance as shown in Fig. 5.

This system of equations can be mapped to the equations of a damped oscillator
with a driving force. It is a well-studied system that comes from the dynamics of a
mass hanging on a spring in a viscous medium. We know that this system has three
dynamical regimes:

e 4Ct,(g1+a) < (grTy +C)? overdamped,
e 4Ct, (gL +a) = (8.7, +C)? critically damped,
e 4Ct, (g1 +a) > (grty +C)? underdamped.

Overdamped and critically damped systems have no resonating frequency. It is only
when the system is underdamped that resonance appears. Such resonance is seen in
multiple types of neurons, typically in some cortical interneurons (Markram et al,
2004), in mesencephalic V neurons (Wu et al, 2005) and in the apical dendrites of
pyramidal neurons (Cook et al, 2007).

What are the main characteristics of a resonating membrane? In the response to
the current pulse in Fig. 5 that it is not a single exponential. Instead, the voltage
makes a short undershoot before relaxing to the resting potential. Similarly, when
the input is a step current, there is a substantial overshoot at the onset and undershoot
after the offset of the current. The neuron model resonates around a characteristic
frequency for which it will respond with maximal amplitude:

geta (gt +C)?
o= — . 25
\/ch 4C272 (25)
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Fig. 7 Where is the voltage threshold? Current pulses and current steps show different voltage
thresholds that can not be accounted for by a moving threshold.

Resonating membranes are bandpass filters as we can see from the response to a si-
nusoidal wave of increasing frequency (Fig 5). The shape of the filter can be written
as:

1 1
k(r) = exp(—t/Te) Ecosmt—i—%sinwt O() (26)

where the decay time constant is:

27, T
T(D ==

= . 27
— 27)

Figure 6 shows the shape of the filter, as measured in a neuron with resonance.

4 Nonlinear Integrate-and-Fire Models

Do neurons really have a voltage threshold? Imagine that a neuron was to receive a
stimulus that brings its membrane potential to a value which triggers the spike but
then the stimulus is stopped. The membrane potential would continue to increase
even in the absence of stimulus, and produce the action potential. Can we say that a
spike is produced whenever the membrane potential reaches this threshold voltage?
No. At the earliest times of the action potential, a negative current can veto the spike
even though the membrane potential was above the threshold for spike initiation.
Another example that makes the conceptualization of a threshold dubious is shown
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in Fig. 7. Here the voltage threshold measured from a current pulse is significantly
different from the voltage threshold measured with a current step.

Real neurons have sodium ion channels that gradually open as a function of the
membrane potential and time. If the channel is open, positive sodium ions flow into
the cell, which increases the membrane potential even further. This positive feed-
back is responsible for the upswing of the action potential. Although this strong
positive feedback is hard to stop, it can be stopped by a sufficiently strong hyperpo-
larizing current, thus allowing the membrane potential to increase above the activa-
tion threshold of the sodium current.

Sodium ion channels responsible for the upswing of the action potential react
very fast. So fast that the time it takes to reach their voltage-dependent level of
activation is negligible. Therefore these channels can be seen as currents with a
magnitude depending nonlinearly on the membrane potential. This section explores
the LIF augmented with a nonlinear term for smooth spike initiation.

4.1 The Exponential Integrate-and-Fire Model

Allowing the transmembrane current to be any function of V, the membrane dynam-
ics will follow an equation of the type:

Cd—V:F(V)—H(t), (28)
dt

where F (V) is the current flowing through the membrane. For the perfect IF it is zero
(F(V) =0), for the LIF it is linear with a negative slope (F(V) = —g.(V — Ej)). We
can speculate on the shape of the non-linearity. The simplest non-linearity would
arguably be the quadratic : F(V) = —gr(V — Ep)(V — Vr) (Latham et al, 2000).
However this implies that the dynamics at hyperpolarized potentials is non-linear,
which conflicts with experimental observations. Other possible models could be
made with cubic or even quartic functions of V (Touboul, 2008). An equally simple
non-linearity is the exponential function:

F(V) = —g(V — Eo) + gLAr exp <VATVT) (29)

where Ar is called the slope factor that regulates the sharpness of the spike initiation.
The Exponential Integrate-and-Fire (EIF; Fourcaud-Trocme et al (2003)) model
integrates the current according to Eq. 28 and 29 and resets the dynamics to V.
(i.e. produces a spike) once the simulated potential reaches a value 6. The exact
value of 6 does not matter, as long as 8 >> Vr 4+ Ar. As in the LIF, we have to
reset the dynamics once we have detected a spike. The value at which we stop the
numerical integration should not be confused with the threshold for spike initiation.
We reset the dynamics once we are sure the spike has been initiated. This can be
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Fig. 8 Experimental measurement of the nonlinearity for spike initiation. Example of the measured
F(V) in black circles for a layer 5 pyramidal neuron of the barrel cortex. The errorbars indicate
one standard error of the mean and the blue line is a fit of Eq. 29. Data is a courtesy of Laurent
Badel and Sandrine Lefort (Badel et al, 2008b).

at a membrane potential of 0, 10 mV or infinity. In fact, because of the exponential
nonlinearity V goes from Vr 4 Ar to infinity in a negligible amount of time.

Which F(V) is the best? This can be measured experimentally (provided that
we can estimate membrane capacitance beforehand (Badel et al, 2008a,b)). Fig. 8
shows the function F (V') as measured in pyramidal neurons of the cortex. Choosing
F(V) as a linear plus exponential allow a good fit to the experimental data. Similar
curves are observed in neocortex interneurons (Badel et al, 2008a).

5 Unifying Perspectives

We have seen that the LIF can be augmented with mechanisms for refractoriness,
adaptation, subthreshold resonances and smooth spike initiation. Models combin-
ing these features can be classified in two categories depending on the presence of a
non-linearity. This is because the linear system of equations can be integrated ana-
lytically, whereas integration is generally not possible for the non-linear systems of
equations. When integration can be carried out, the dynamics can be studied with
signal processing theory. When this is not possible, the dynamical system is scruti-
nized with bifurcation theory.
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5.1 The Adaptive Exponential Integrate-and-Fire Model

The simplest way to combine all the features is to add to the EIF model a linearized
current with cumulative spike-triggered adaptation:

av V-V N
C— = —gu(V —Eop)+gLArexp D) +1-Yw (30
dt Ar =
dW,‘
T dr = ai(Vi—E())—Wi (31)
ifV(t) > VrthenV(t) =V, (32)
and Wi(l) — Wi(l) +b; (33)

where each additional current w; can be tuned by adapting its subthreshold coupling
constant ; and its spike-triggered jump size b;. The simplest version of this frame-
work assumes N = 1 and it is known as the Adaptive Exponential Integrate-and-Fire
(AdEx; Brette and Gerstner (2005); Gerstner and Brette (2009)). This model com-
pares very well with many types of real neurons, as we will see in Sect. 7.

5.2 Integrated Models

For some neurons the spike initiation is sharp enough and can be neglected. In fact,
if the slope factor A — 0 in Eq. 30, then the AdEx turns into a linear model with
a sharp threshold. As we have seen in Sect. 2, the solution to the linear dynamical
system can be cast in the form:

V(1) = Eo+ /0 ()1~ s)ds+ Y (e —7) (34)

where K(t) is the input filter and 1,(¢) is the shape of the spike with its cumula-
tive tail. The sum runs on all the spike times {7} defined as the times where the
voltage crosses the threshold (V > Vr). To be consistent with the processes seen in
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Fig. 10 Membrane potential recorded from four repetition of the same stimulus. Spikes are missed
others are shifted and this variability is intrinsic to the neuron.

the previous sections the functions x(r) and 1,(¢) must be sums of exponentials.
However, for the sake of fitting any type of basis function can be used. For arbitrary
shape of the kernels x(¢) and 7n,(¢), this model is known as the cumulative Spike
Response Model (SRM, Gerstner et al (1996); Gerstner (2008)) or more recently as
the Generalized Integrate-and-Fire (GIF, Paninski et al (2004)).

The simplified Spike Response Model (SRMy; Gerstner (2008)) is another re-
lated model worth pointing out. In the SRMj the sum in Eq. 34 extends to the last
spike only. This makes a purely refractory model without spike-frequency adapta-
tion. As pointed out in Section 2 purely refractory models are followed by fixed
resets.

Figure 9 summarizes the nomenclature for the combinations of generalizations.
As we will see in the next section, the formalism of the SRM and SRM, models
bridgesf the gap to a more general class of spiking models where the influence of
noise is taken into account.

6 Noise

Variability is ubiquitous in the nervous system. In many ways this variability is seen
as a feature rather than a defect (Faisal et al, 2008). It is important therefore not to
ignore all the noise, but to listen carefully in order to understand what it is trying to
communicate.

In view of the intrinsic probabilistic nature of the neurons, it is difficult to predict
the exact spike times because a neuron will fire with some jitter around an average
spike time (Fig. 10). Rather, the models of neuronal behaviour must predict the
probability to emit a spike in a given time interval. The probability p(¢) of observing
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a spike in a given small interval of 8¢ defines the instantaneous firing rate:
p(t) =r(r)ét. (35)

Mathematically speaking, r(¢) is a stochastic intensity, a terminology borrowed from
the theory of point-processes (Daley and Vere-Jones, 1988). In the context of neuron
models r(z) is called the firing intensity, instantaneous firing rate. It is also related
to the experimentalist concept of a Peri-Stimulus Time Histogram (PSTH).

Chapter 12 describes the implication of noise at the biophysical level. Here we
describe how noise influences the level of description of the LIF model. Further-
more, we describe a simple framework through which models such as the SRM are
related to models of the firing intensity r(z).

6.1 Synaptic Noise

Synaptic noise deals with the input /(z). In this chapter I(¢) refers to the current
arriving at the region which is solely responsible for spike initiation. This signal
can be seen as being noisy: either because some synaptic events happened without
a pre-synaptic spike, or because the unreliability of axonal propagation prevented a
pre-synaptic spike from getting to the synapse, or because the variability in vesicle
release and receptor channel opening make the amplitude of the postsynaptic event
variable. From yet another point of view, one may be interested in the current input
coming from an identified subpopulation of pre-synaptic neurons. In this view the
rest of the pre-synaptic neurons form a considerable background synaptic noise. In
any case, the synaptic noise is added to a deterministic current:

I1(t) = 1(t) +&(t,V) (36)

where & (¢) is the synaptic noise. The dependance of the noise on V is added because
synapses make changes in conductance which must be multiplied by V to yield the
current. Despite that, the dependance on V can often be neglected and the synaptic
noise is considered as a time-dependent current & (¢).

There are multiple stochastic models of synaptic noise. Maybe the simplest situ-
ation takes into account a random ocurence of synaptic events, 77"¢) each bringing
in an exponentially decaying pulse of current:

t—1 .
E)=c Y }exp(— . )Q(I—ti) 37)

fe{ilpre) S

where T, is the time constant and c¢ is the amplitude of the post-synaptic current de-
cay. If the synaptic events occur randomly with frequency V,, the mean, the variance
and the autocorrelation of the noise are (Stein, 1965):
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u= <§> =CTVe (38)
62 = Var[¢] Czrizfve (39)
([E() — ][ (t+5) — ) = o2 /™. (40)

In the limit of small synaptic jumps (¢ — 0) and large frequency of synaptic events
(v, — o), the synaptic noise can be seen as a gaussian noise with exponential auto-
correlation function. The dynamics of such a noise current is often written with the

equation:
E(r+dt) g(gﬂ“ﬁ’”wm@ﬁ (41)

where G; is a random number taken from a standard normal distribution and dt is
the step size. This is called an Ornstein-Uhlenbeck process, a similar equation rules
the position of a particle undergoing Brownian motion in an attracting potential. Eq.
41 is the diffusion approximation for synaptic inputs.

6.2 Electrical Noise

Electrical noise groups the thermal noise and the channel noise. The thermal noise
(also called Nyquist or Johnson noise) adds fluctuation to the current passing
through the membrane due to the thermal agitation of the ions. In this case the
variance of the voltage fluctuations at rest is (Manwani and Koch, 1999): kgTB/g,,
where kp is the Boltzmann constant, T is the temperature and B is the bandwidth
of the system. Thermal noise is not the main source of electrical noise as it is three
orders of magnitude smaller than the channel noise (Faisal et al, 2008).

Channel noise is due to the stochastic opening and closing of the ion channels
(which itself is of thermal origin). This noise creates fluctuations in current that grow
in amplitude with the membrane potential following the activation profile of ion
channels. Noise due to the Na-channels responsible for spike initiation can explain
how the probability of firing depends on the amplitude of the stimulation when the
stimulation consists of a short pulse of current (White et al, 2000). Noise due to Na
ion channels is therefore seen as an important source of noise which adds variability
to the threshold for spike initiation.

Next section will explore the idea of a stochastic threshold further. Greater details
on stochastic models of ion channels will be treated in Chapter 12.

6.3 Generalized Linear Models

Consider the noiseless dynamics for V (¢) (as given by the SRMy or SRM) and re-
place the fixed voltage threshold with a stochastic voltage threshold:
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Vr = 0+(1) (42)

where 6 is the average — or deterministic — threshold, and {(r) is a zero-mean
white noise. This type of noise is called ‘escape noise’ (Gerstner and Kistler, 2002)
and relates to the escape rate in the models of chemical reactions (van Kampen,
1992). In this scenario, the probability of finding the membrane potential above the
threshold depends solely on the instantaneous difference between the voltage and
the average threshold. We can write in general terms that the firing intensity is a
nonlinear function of the modelled voltage trace:

r(t)=f(vV({)-8). 43)

The monotonically increasing nonlinear function f is made of the cumulative dis-
tribution function of § (7).

Models such as the SRM or the SRM have an explicit formulation for V (¢) that
we can substitute in Eq. 43. These formulations for V (¢) require the knowledge of
the spiking history. In this case, the firing intensity is dependent on the knowledge
of the previous spike times. We will label this intensity differently, A (¢|{7},), since it
does not equal the PSTH observed experimentally anymore. Writing the convolution
operation of Eq. 34 with an asterisk and substituting for the voltage in Eq. 43, we
have:

7L:f<1<*1+2na(t—fi)+E0—9>. (44)

When each kernel x and 1, are expressed in a linear combination of basis function
the firing intensity would be a linear model if f was linear. With the nonlinear link-
function f, this is instead a Generalized Linear Models (GLM). GLMs all have
convenient properties in terms of finding the parameters of the model and estimating
the validity of the estimates (McCullagh and Nelder, 1989). One of these properties
is that the likelihood of observing a given set of spike times is a convex function
of the parameters (when the link function is strictly convex (Paninski, 2004)). This
means that it is always possible to find the best set of parameters to explain the
data. It is a remarkable fact that only the knowledge of the spike times observed in
response to a given stimulus is sufficient to estimate the filter and the shape of the
adaptation function.

The GLM model above depends on all the previous spikes, and therefore shows
spike-frequency adaptation through the kernel 1, (¢). By overlooking the possible in-
fluence of cumulative adaptation, it is possible to make a purely refractory stochastic
model by dropping the dependence on all the previoius spikes but the last one. This
framework allows the theorems of renewal theory (Cox, 1962) to be applied, and
to study the behaviour of networks of neurons analytically (Gerstner and Kistler,
2002).

In the same vein, it is possible to ignore completely the refractoriness and con-
sider only the filtering of the input:
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v=Ff(kxI). (45)

Despite the fact that it appears as too crude an assumption, we can gain considerable
knowledge on the functional relationship between external stimuli and neuronal re-
sponse (Gazzaniga, 2004). This model referred to as the Linear-Nonlinear Poisson
model (LNP) was extensively used to relate the response of single neuron in the
retina, thalamus or even cortex as a function of the visual stimulus. When multiple
neurons pave the way between the stimulus and the spikes generated by the LNP
model, the filter function no longer represents the membrane filter of the cell but
rather the linear filter corresponding to successive stages of processing before the
signal reaches the neurons.

The mere fact that it is possible to make a decent firing-rate prediction with such
a simple model makes strong claim about the role of the neurons and the neural
code. A claim that could be challenged by experiments pointing towards missing
features. In the next section we further elaborate on the models described in the
previous sections. We want to make sure we find the simplest description possible
for a given set of experiments, but not simpler.

7 Advantages of Simple Models

How good are the simple models discussed in this chapter? Before addressing this
question one needs to define what is meant by a good model. In an experiment which
injects time-varying current in a neuron that otherwise receives no input; what can
be reproduced by the model? A model correct in reproducing the averaged firing-
rate may not be sufficient to underly the fast computational capabilities of neuron
networks (Thorpe et al, 1996). On the other hand, modelling the exact time-course of
the membrane potential may not be necessary given that a later neuron only receives
the spikes, and no information about the membrane potential of the neuron. Perhaps
the best challenge is to predict the occurrence of spikes of a neuron receiving in-
vivo-like input. Before evaluating the performance at predicting the spike times,
we assess the ability of simple models to reproduce qualitatively the firing patterns
observed in various neuron types must be assessed.

7.1 Variety of Firing Patterns

Neurons throughout the nervous system display various types of excitability. The
diversity is best illustrated in experiments injecting the same stimulus in cells that
otherwise receive no input. By injecting a step current sequentially in multiple cells
the observed firing patterns are sure to arise from intrinsic mechanisms. It is com-
mon to distinguish qualitatively between the different initial response to the step cur-
rent and the different steady state responses (Markram et al, 2004). Consequently,
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Fig. 11 Multiple firing patterns are reproduced by merely tuning the parameters of a simple thresh-
old model. Here the AdEX fires with tonic bursts, initial burst, spike-frequency adaptation, or delay.
Each set of parameters is simulated on a step current with low (close to current threshold for firing)
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the onset of firing is distinguished as being either delayed, bursting or tonic. On
the other hand the steady state can be tonic, adapting, bursting or irregular. Sim-
ple threshold models can reproduce all the firing patterns observed experimentally
(Figure 11). The study of excitability types in such simple models sheds light on the
basic principles contributing to the neuronal diversity.

Delayed spiking. Delayed spiking can be due to smooth spike initiation as in the
EIF or to linearized subthreshold currents. Indeed, the EIF can produce delayed
spiking when the stimulating current is slightly greater than g, (Vy — Eg — A). An-
other possibility is that a subthreshold current slowly activates at higher voltage
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Fig. 12 Overlayed traces of an AdEx model (red) and a fast-spiking interneuron (blue). Most of the
spikes are predicted correclty by the model (green check marks) but some extra spike are predicted
(red crosses). The subthreshold voltage traces match very well (inset). The data is a courtesy of
Skander Mensi and Michael Avermann (?)

to depolarize the membrane further. For instance Eq.’s 22-23 may lead to delayed
spiking onset when a < 0 and 7, > 7.

Bursting. Bursting can arise from many different causes and it is possible to define
multiple types of bursting (Izhikevich, 2007). Perhaps the simplest bursting model
is the LIF with adaptation (Eq.’s 12-13). The high firing-frequency during a burst
increases the adaptation current to a point where the neuron can no longer spike until
its level of adaptation has decreased substantially. In this case the inter-burst interval
is related to the time constant of adaptation. A hallmark of this type of bursting is
the slowing down of the firing during the burst.

Transient spiking. Upon the onset of the stimulus, the neuron fires one or multiple
spikes and then remains quiescent, even if the stimulus is maintained for a very
long time. Spike-triggered adaptation or a moving threshold cannot account for this
pattern. Transient spiking is due to a resonance with a subthreshold current (Fig. 5).

Adaptation. We have seen that spike-frequency adaptation is brought by either hy-
perpolarizing currents or a moving threshold which cumulates over multiple spikes.

This brief description emphasizes only the most important firing patterns, we
will discuss the analysis of the bursting and initial bursting firing patterns further
in Section 7.3. For now let us turn to the quantitative evaluation of the predictive
power of the mathematical neuron models.
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7.2 Spike-Time Prediction

Models of the threshold type can predict the spike times of real neurons in vitro. It
is important to focus on the prediction performance and not simply on reproducing
those spike times that were used to calibrate the model parameters. Otherwise, a very
complex model could reproduce perfectly the data used for fitting while it would
fail completely to reproduce novel stimulus (a phenomenon called overfitting). The
correct procedure is therefore to separate the data into a training set and a test set.
The first is used for finding the best model parameters and the second to test the
performance.

In vitro it is possible to simulate realistic conditions by injecting a fluctuating
current in the soma of the neuron. For instance the injected /(z) can be taken to
be as in Eq. 37 or Eq. 41 as it would be expected from a high number of synaptic
events affecting the soma. This current when injected in the soma drives the neuron
to fire spikes. ‘Injecting’ this current in the mathematical neuron models will give
a similar voltage trace. After determining the model parameters that yield the best
performance on the training set, the neuron model can be used to predict the voltage
trace and the spike times on the test set (Figure 12), and can therefore be reproduced
with the AdEx model Fig. 11.

Deterministic models such as the SRMy with a dynamic threshold (Jolivet et al,
2006a), the AdEx (Jolivet et al, 2008), the rEIF (Badel et al, 2008b), the GIF (?)
or other similar models (Kobayashi et al, 2009) have been fitted to such in vitro ex-
periments and their predictive performance evaluated. To evaluate the performance
of deterministic models, the number of predicted spikes that fall within £ 4 ms of
the observed spikes are counted. When discounting for the number of spikes that
can be predicted by chance (Kistler et al, 1997), a coincidence factor is obtained
ranging from zero (chance level) to one (perfect prediction). This coincidence fac-
tor ranged from 0.3 to 0.6 for pyramidal neurons of the layer 5, and from 0.5 to 0.8
for fast-spiking interneurons of the layer 5 of the cortex.

It turns out that these performances are very close to optimal, as we can see if we
consider that a real neuron would not reproduce exactly the same spike times after
multiple repetitions of the same stimulus (as shown in Fig. 10). The best coincidence
factor achievable by the models is the intrinsic reliability R, which is the average of
the coincidence factor across all pairs of experimental spike trains that received the
same stimulus. This value can be seen as an upper bound on the coincidence factor
achievable by the mathematical models. Scaling the model-to-neuron coincidence
factor by the intrinsic reliability and multiplying by 100 gives a measure of the
percentage of the predictable spikes that were predicted. For models like the AdEx
or the GIF, this number ranged from 60 to 82 % for pyramidal neurons, and from 60
to 100 % for fast-spiking interneurons. Simpler models do not share this predictive
power: the LIF only accounts for 46 to 48 % of the predictable portion of spikes.

Models from the GLM family have been used to predict the spike times of neu-
rons in the retina, thalamus or cortex from the knowledge of the light stimulus.
Almost perfect prediction can be obtained in the retina and in the thalamus (Keat
et al, 2001; Pillow et al, 2005). Furthermore, it has been shown that refractoriness
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Fig. 13 Initially bursting (A) and regular bursting (B) trajectories in both phase plane and as a
time-series. The initial state of the neuron model before the step current is marked with a cross and
is associated with the V-nullcline shown as a dash line. After the step increase in current the V-
nullcline shifts upwards (full line). The w-nullcline is shown in green and the trajectories are shown
in blue with each subsequent reset marked with a square. The first and last resets are labeled with
their ordinal number. Regular bursting is distinguished from initial bursting by the presence of two
voltage resets between the trajectory of the fifth spike and the V-nullcline.

or adaptation is required for good prediction (Berry and Meister, 1998; Pillow et al,
2005; Truccolo et al, 2010). Furthermore, the quality of the prediction can be im-
proved by taking into account the coupling between adjacent cells (Pillow et al,
2008).

7.3 Ease of Mathematical Analysis

The greater simplicity of the mathematical neuron models discussed in this chapter
have another advantage: the ease of mathematical analysis. This is particularly ad-
vantageous for studying neuron networks and for investigating synaptic plasticity.
This is a vast field of study where many macroscopic properties of neuron networks
can be scrutinized: learning, oscillations, synchrony, travelling waves, coding, and
possibly other (see Hoppensteadt and Izhikevich (1997); Dayan and Abbott (2001),
and Gerstner and Kistler (2002) for a good introduction to the topic). Paving the
way to these exciting fields, mathematical analysis has yield important insights that
relate the function of single neurons with that of networks.

The characteristic of the response to various types of stimulations can often be
described in mathematical terms. For a constant current /, the firing frequency of
the LIF is given by (see Ex. 5):

v [m <m)] N (46)

The mean frequency when the current is an Ornstein-Uhlenbeck process (Eq. 41)
can be written as an integral formula (Johannesma, 1968):
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—1

(v )/ (0V7%)
v= lrf / eVt ¢ [1 +erf(x)] dx 47

V(gL (Vr—Eo)—u)/(0v/27)

where erf(x) is the error function. When the non-linearity for spike initiation is taken
into account, it is not possible to arrive at exact solutions anymore. Yet, for some
parameter values there are approximations that can be worked in. This way, approx-
imated solutions can be written for the EIF or the AdEx receiving gaussian white
noise (Fourcaud-Trocme et al, 2003; Richardson, 2009). When there is a strong ef-
fect of adaptation it is not possible to arrive at closed-form solutions for v and one
must rely on numerical integration of the appropriate Fokker-Planck equations can
be used (Muller et al, 2007; Toyoizumi et al, 2009).

Along these lines, the observed types of firing patterns can be related with the
parameter values through bifurcation theory (see Chapter 13). We will illustrate this
with an example in the AdEx model: distinguishing initial bursting from a regular
bursting using phase plane analysis.

Repetitive bursting is created by constantly alternating between slow and fast in-
terspike intervals. When the injection is a step increase in current (as with Fig. 11)
this corresponds to a sudden shift of the V-nullcline (i. e. the set of points where
‘fi—‘t/ = 0) in the phase plane. Before the step, the state of the neuron is at the stable
fixed point which is sitting at the intersection between te V- and the w-nullcline. Af-
ter the step, the stable fixed point has disappeared and this results in repetitive firing.
The distinction between an initially bursting AdEx model and a regular bursting one
is made by considering the location of the resets in the phase plane. Fig 13 shows
that both types of bursting have spike resets above and below the V-nullcline. Re-
setting above the V-nullcline brings a much larger interspike interval than resetting
below. To achieve this, a spike reset above the V-nullcline must be able to make at
least one spike reset below the V-nullcline before being mapped above again. This is
seen in Fig. 13B where there is sufficient space below the V-nullcline and above the
trajectory of the fifth spike for at least one reset. This leads the repetitive bursting of
two spikes. On the other hand, in Fig. 13A the fourth spike — which was reset above
the V-nullcline — is followed bys another reset above the V-nullcline. This leads to
the end of the initial burst which is followed only by long interspike intervals. By
staring at the phase planes in Fig. 13, one can conclude that a higher voltage reset
helps to bring about repetitive bursting.

Similar conclusions can be drawn for all the firing patterns (Naud et al, 2008).
Furthermore, it is sometimes possible to have analytical expressions relating the
parameter values and the firing patterns (Touboul, 2008). Such conclusions are pos-
sible mainly because the complexity of the model was kept low. Indeed, the struc-
ture of firing patterns have been studied in other simple models (Izhikevich, 2007;
Mihalag and Niebur, 2009).
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8 Limits

The neuron models presented in this chapter present an idealized picture. The first
idealization is that all these models consider the neuron as a point with no spatial
structure. This point could represent the axon initial segment where the spike is
initiated. However, real neurons receive input distributed not only in the soma but
also in their dendritic arborizations. Now, dendrites bring multiple types of non-
linear interactions between the inputs. Dendritic ion channels combine with basic
properties of AMPA, GABA and NMDA synapses to make dendritic output to the
soma dependent on the spatio-temporal pattern of excitation. Spatially extensive
models (see Chapter 11) may be required to correctly translate input spikes into
current arriving to the axon initial segment, but to what extent? This remains to be
addressed experimentally.

Another central assumption prevalent throughout this chapter is that the spike
does not change its length or shape with different stimuli. While this is seen as a
good approximation for cortical neurons firing at low frequency (Bean, 2007), some
neurons have action potential shapes that vary strongly as a function of either stimu-
lus, firing frequency or neuromodulation. For instance, the interneurons taking part
in the motor pattern generation of flight in locusts display spikes that reduce by half
their amplitude and width when part of a burst of activity (Wolf and Pearson, 1989).
Similarly, half-blown spikes are observed frequently in the lobster stomatogastric
pattern generator (Clemens et al, 1998) or in complex spikes of cartwheel cells in
the dorsal cochlear nucleus (Golding and Oertel, 1997).

The simple models described in this chapter can be seen as a high-level descrip-
tion of the complex biophysical mechanisms mediated by ion channels, ion pumps,
and various chemical reactions involving neurotransmitters. At this level of descrip-
tion the molecular cascades for the effect of — for example — acetylcholine are not
modelled. Though the effect of neuromodulators can be calibrated and cast in stereo-
typical modification of the simple model (Slee et al, 2005), it is not an intrinsic
feature and the calibration has to be performed for each scenario. Complex bio-
chemical as well as biophysical models are the norm if pharmacological procedures
are studied (see Chapter 17-18).

To conclude, simple neuron models captured essential features that are required
for transducing input into spikes. If we bear in mind the inherent limitations, the
study of simple neuron models will keep on bringing new insights about the role of
single neurons. In particular, the roles of adaptation and variability are only starting
to be sized.

9 Further Reading

Spiking Neuron Models uses single-neuron models as a building block for studying
fundamental questions such as neuronal coding, signal transmission, dynamics of
neuronal populations and synaptic plasticity. (Gerstner and Kistler, 2002).
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Dynamical Systems in Neuroscience. Neuron models are made of systems of
differential equations, this book makes a very didactic approach to the mathematical
theory associated with such dynamical systems (Izhikevich, 2007).

Exercices

1. With E,, = Ey, cast Eq.’s 22-23 in the form of Eq. 34.

Solution:
Na=0
k(1) = ket +k et
where
1
hom L () T ) drR (o))
Ty
and
PO
(A A

2. If we connect a dendritic compartment to a LIF point neuron, the dynamics of
the system obey:

dv
CE =—-GL(V-V)+G(V; = V)+I
av,

Cu~pt = ~GaV = Eq) + GelV = Vo)

where g, is the conductance coupling the LIF compartment with membrane po-
tential V' to the dendritic compartment with potential V;. The leak conductance,
the capacitance and the reversal potential for the dendritic compartment are g,
C, and E,, respectively. How should you define w, a, g1, Eo, E,, and 7,, to show
that this situation is equivalent to Eq.’s 22-23?

Solution: w = G.Vy, g1 = G+ G, Eg = GLVL/(GL + Gc), a=G;+6Gg E, =
E4Gy/(Ge+Ga), T =Ca/Gy.

3. Reduce the Hodgkin-Huxley equations (see Chapter 11) to the AdEx model. Start
with the single-compartment Hodgkin and Huxley equations:

dv
C—- = —sn(V—En) — gnah(V — Eng) — gxn (V —Eg),  (48)

d
(V) = —xtxa(V), (49)

dr
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with x being any of the gating variables m, h or n.

Solution:

i) Assume that 7,,(V) << C/gr.

ii) Assume that when the voltage reaches some relatively high value (e.g. -10
mV) there is a spike being emitted and the voltage is reseted to V,, while the
potassium activation make a stereotypical change: n — n+ 6.

iii) Assume that the sodium inactivation variable plays no role sub-threshold and
during the spike initiation: h(t) = ho.

iv) There remains only subthreshold dynamics and spike initiation, therefore the
dynamics of &, n and Ix can be linearized around E( (multivariate taylor expan-
sion). The resulting system is:

dv
CE = I—g.(V—Ep) — gnahoms(V)(V —Eng) —w  (50)
d
Tw% = (JW(V*E())—W 1)
ifV>0mV then V=V, w=w-+b. )

with W(l) = 4gK(n(t) —noo(E()))ni(E())(Eo +Eg),a= 4gKnoo(E0)3(E0 +EK) %L‘?
Ty = Tn (E()), b= 4gk5nni(E0)(E0 —E]().

4. Computer aided exercice. Build a simple GIF model to reproduce all the firing
patterns in Fig. 11. Hint: let kernels 1(¢) and k() each be constituted of two
exponentials.

5. Derive equation 46 starting from Equations 6-8 with a constant current. Hint:
Call v! the time it takes to go from the reset to the threshold. With I constant
the integrals can be computed explicitly.
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